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G - finite group
ZG - integral group ring of the group G
U(ZG) - unit group of ZG

General problem

Describe the unit group U(ZG) of ZG

Our goal

Give explicit generators of a subgroup of finite index in U(ZG)
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Main tool

The method for computation of independent generators of
congruence subgroups of SL2(Z) based on Farey symbols
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Γ = SL2(Z) =

{(
a b
c d

)
| ad − bc = 1

}
Γ0(N) =

{(
a b
c d

)
∈ Γ | c ≡ 0(modN)

}
Γ0(N) =

{(
a b
c d

)
∈ Γ | b ≡ 0(modN)

}

Γ1(N) =

{(
a b
c d

)
∈ Γ | a − 1 ≡ c ≡ d − 1 ≡ 0(modN)

}

Γ1(N) =

{(
a b
c d

)
∈ Γ | a − 1 ≡ b ≡ d − 1 ≡ 0(modN)

}

Γ(N) =

{(
a b
c d

)
∈ Γ | a − 1 ≡ b ≡ c ≡ d − 1 ≡ 0(modN)

}
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Γ0(N) =

(
∗ ∗

N ∗

)

Γ0(N) =

(
∗ N
∗ ∗

)

Γ1(N) =

(
1 + N ∗

N 1 + N

)

Γ1(N) =

(
1 + N N

∗ 1 + N

)

Γ(N) =

(
1 + N N

N 1 + N

)
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These subgroups have finite index in Γ :

[Γ : Γ0(N)] =
[
Γ : Γ0(N)

]
= N ×

∏
p|N

(1 +
1
p

)

[Γ : Γ1(N)] =
[
Γ : Γ1(N)

]
= N2 ×

∏
p|N

(1 − 1
p2 )

[Γ : Γ(N)] =

{
12, N = 2
N3 ×

∏
p|N(1 − 1

p2 )

It is well-known that there are subgroups of finite index in Γ
which are not congruence subgroups
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Farey symbol :

a compact and useful way to represent a subgroup of finite
index in Γ (not necessarily a congruence subgroup). It has two
components:
• generalised Farey sequence (g.F.s.)
• labels, giving additional structure to the g.F.s.
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generalised Farey sequence :

• ordered list of the form {−∞, x0, x1, . . . , xn,∞}
• xi = ai

bi
are rational numbers in the reduced form arranged

in increasing order for i = 0, . . . , n
• x0, xn ∈ Z, and some xi = 0
• we define x−1 = −∞ = −1

0 and xn+1 = ∞ = 1
0

• ai+1bi − aibi+1 = 1 for i = −1, . . . , n
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Labels of Farey symbol :
The ordered list of labels gives an additional structure to the
g.F.s. Labels correspond to each consecutive pair of xi ’s and
have one of the following types:
• even, denoted by ◦
• odd, denoted by •
• numerical: natural number, which occurs in the list of

labels exactly twice or not at all
• note that the actual values of numerical labels are not

important: it is the pairing induced on two intervals that
matters
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Examples of Farey symbols :

Γ :

{ −1
0

0
1

1
0 }

^ ^
◦ •

Γ0(2) :

{ −1
0

0
1

1
1

1
0 }

^ ^ ^
1 ◦ 1
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Another example of Farey symbol :

Γ(3) :

{ −1
0

0
1

1
1

2
1

5
2

3
1

1
0 }

^ ^ ^ ^ ^ ^
1 2 3 3 2 1
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The development of an algorithm to determine the Farey
symbol for a subgroup G of a finite index in Γ was started by
Ravi Kulkarni (CUNY) and later it was improved by Mong-Lung
Lang, Chong-Hai Lim and Ser-Peow Tan (National University of
Singapore).
This algorithm works whenever the membership test for G is
available. Of course, this is the case for congruence subgroups.
Before explaining this algorithm, we will show how to use its
output to get independent generators for a finite index subgroup
from the corresponding Farey symbol
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Let σ be the Farey symbol for a group G with r1 even labels, r2
odd labels, and r3 pairs of intervals.

Then G is generated by r1 + r2 + r3 matrices, which form a set
of its independent generators.
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For each even interval [xi , xi+1], take the matrix

A =

(
ai+1bi+1 + aibi −a2

i − a2
i+1

b2
i + b2

i+1 −ai+1bi+1 − aibi

)

For each odd interval [xj , xj+1], take the matrix

B =

(
aj+1bj+1 + ajbj+1 + ajbj −a2

j − ajaj+1 − a2
j+1

b2
j + bjbj+1 + b2

j+1 −aj+1bj+1 − aj+1bj − ajbj

)

For each pair of free intervals [xk , xk+1] and [xs, xs+1], take the
matrix

C =

(
as+1bk+1 + asbk −asak − as+1ak+1
bsbk − bs+1bk+1 −ak+1bs+1 − akbs

)
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Computation of the Farey symbol :
• The algorithm starts with the g.F.s. {−∞, 0,∞}
• On each step we try to assign labels to unlabeled intervals,

computing matrices by rules from the previous slide and
checking if they belong to our subgroup:

• matrices by odd intervals
• matrices by even intervals
• matrices by pairs of free intervals

• If after this step we still have unlabeled intervals, we select
any unlabeled interval [xi = ai

bi
, xi+1 =

ai+1
bi+1

], insert the

reduced form of ai+ai+1
bi+bi+1

between xi and xi+1 (with
appropriate shifting of labels) and repeat the previous step.

• The procedure is finished if no unlabeled intervals are left.
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The GAP package Congruence:
• creation of congruence subgroups
• intersections of finite number of congruence subgroups
• membership and inclusion tests
• computing Farey symbols for congruence subgroups
• computing generators and indices from Farey symbols
• Contributions by Helena Verrill:

• factorisation in a product of generators
• membership test by Farey symbol

• To do:
• coset representatives of congruence subgroups
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Runtime in seconds (Celeron-2.4, WinXP, RAM 512 MB)

Subgroup Nr gens GAP 4.4.9 Magma 2.10-14
Γ(8) 33 0.2 15.6
Γ(16) 257 14.9 866.6
Γ(32) 2049 1118.6 test failed
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Applications for ZG :
G - finite nilpotent group such that QG does not have the
following "exceptional" simple components :
- non-commutative division ring D
- M2(Q)
- M2(Q(

√
−d)), d > 0

- M2(D), where D is a non-commutative division ring.
Then Jespers and Leal proved that in this case
B = 〈Bass cyclic units, bicyclic units〉 generate a subgroup of
finite index in U(ZG).

New result :
By lifting generators of congruence subgroups of SL2(Z) to
U(ZG) and adding them to B, we are able to exclude the
exceptional component M2(Q), and give explicit generators of a
subgroup of finite index in U(ZG).
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