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Abstract

Benford's Law predictsthe frequeng of the lead-
ing digit in numbersmetin a wide rangeof natu-
rally occurringphenomenaln datafollowing Ben-
ford’sLaw, numbersstartwith asmallleadingdigit
more often thosewith a large leadingdigit. Here
we demonstratéhat Benford's Law alsodescribes
awide rangeof computationaphenomenaln par
ticular, we shav thatanumberof differentstatistics
associatedvith computationlike spaceand run-
time often follow Benford's Law. We also shov
thatsearctcostoninputdatathatfollows Benford's
Law is oftenvery differentto thaton moreuniform
data. Theseresultscould be usedto improve algo-
rithm performancéfor example for loadbalancing
or disk de-fragmentationjaswell asto helpmodel
algorithmperformanceBenford’s Law canalsobe
usedto generatalatafor benchmarkinglgorithms
thatmaybemorerealisticthanpurelyrandomdata.

1 Introduction

FrankBenford[Benford, 1934 studiedat a large amountof
naturally occurringdata (e.g. tablesof molecularweights,
populationsizes river basindrainageareasandnumbersap-
pearingon newspapeffront pagesyandshovedthatthelead-
ing digits tendnotto beuniformly distributed(seeFigurel).

For instancenumbergendto startwith the digit 1 in over
30% of his data,but with the digit 9 in lessthan5% of the
data. To model suchdata, he proposedan (empirical) law
which predictsthat the leading digit, d occurswith a fre-
queng givenby:

prob(d=i) = logyo(1+7) 1)

We shav herethat Benford's Law modelsnot just natu-
ral phenomendik e populationsizesbut alsomary compu-
tationalphenomenaln particular mary statisticsassociated
with algorithmslike runtime often obey this law. Thesere-
sultscould be usedto improve how we modelsuchstatistics.
In addition,by usingBenford's Law, we cangeneratédench-
marksetsthatmaybe morerealisticthanpurelyuniform ran-
domdata.Finally, we shav thatdataobeying Benford's Law
is often easierto reasoraboutthanrandomdatathatis more
uniformly generated.
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Figurel. Distributionof leadingdigitsin datasummarizedn
Benford's original 1938 paper[Benford,1939. “Molecular
weights” is a sampleof 1,800 different molecularweights.
“Populationsize” is a sampleof 3,259 different population
sizes.

2 Input data

We begin with someinput datatakenfrom TSPLikh In Fig-

ure 2, we plot the distribution of leadingdigits in the inter-

city distancematrix. We lookedat anotherdozendatasetsto

thoseusedin Figure2 andobsened similar results. As dis-

tancesare computedusingthe 2-dimensionaEuclideandis-

tancefunction, we expectedto seesignificantcorrelationbe-
tweenthe distancesWe werethereforesurprisedo seedata
following Benford'sLaw. We conjectureahisis aresultof the
clusteringof citieswhich provide thedatawith severaldiffer-

entlengthscales(i.e. distanceswithin the clusters,anddis-

tancesbetweerthe clusters). Indeed,the datadisplayscon-
siderablescaleinvariance.The choiceof unitswastherefore
not very important. If the inter-city distancesare corverted
from imperial to metric units, we obsene a similar distribu-

tionin theleadingdigits.

We next looked at sometime-seriesdata (seeFigure 3).
Againthe dataappeargo follow Benford's Law. Thisis per
hapdesssurprisingthanthe TSPdata.For atime-serieto go
from 1 to 2, the statisticmustdouble.But to gofrom 8 to 9,
we needamuchmoremodesincreaseA time-varyingstatis-
tic will thereforeoften spendmoretime with a smallleading
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Figure 2. Distribution of leadingdigits in inter-city TSP
data.“48 US capitals”is problemat t 48 andcontainsl,128
differentinter-city distances.“drilling problem”is problem
a280 andcontains39,060differentinter-city distances.In
both cases,the problemsare symmetricand distancesare
computedusingthe 2-dimensionaEuclideandistancefunc-
tion.

digit thanalargeone.As thedataagaindisplaysconsiderable
scaleinvariance the choiceof unitsdoesagainnot appearto
beveryimportant.

What consequencedo resultslike thesehave? First, a
wide variety of input datacanfollow Benford’s Law. Fea-
turesof therealworld (lik e theclusteringof populationsmay
beresponsibldor theseappearancesf Benfords Law. Sec-
ond, we shouldbe careful of testingalgorithmson uniform
andrandomdata. It may thereforebe morerealisticto gen-
eratedatathat follows Benford's Law. In later sectionswe
explore the impactthis canhave on algorithm performance.
Beforethat we identify somemore computationakxamples
of Benford's Law thathelpillustrateits ubiquity.

3 Spaceand runtime

We next looked at file size. In Figure 4, we plot the lead-
ing digit frequeng for file sizeson an Unix computer We
measuredilesizesusingthe“ls” commandwvhich returnsthe
numberof bytescontainedn afile. We obtainedsimilar re-
sultsif we measurghe numberof blocksoccupied.

Thedistribution of leadingdigits, for oneuseror all users,
appeargo follow Benford’s Law closely File sizesrange
over severalordersof magnitude As with previousdatasets,
file sizesdisplayconsiderablescaleinvariance sowe obtain
asimilar distribution of leadingdigits whenfile sizearemea-
suredin 512 or 1024 byte blocks. We have also obsered
similar leadingdigit frequenciedor file sizeson othercom-
putersandoperatingsystems.

We thenlookedat runtimes.In Figure5, we plot thelead-
ing digit frequeng for the costto solve a hard optimization
andaharddecisionproblem.Welookedatthetravelingsales-
person(TSP)problem,andthe satisfiability of propositional
formulae (SAT). Given a list of cities, and a matrix giving
the distancebetweeneachpair of cities, the TSP problemis
to find the shortestour thatvisits eachcity. To find optimal
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Figure 3. Distribution of leadingdigits in sometime-series
data. “sunspotactvity” is problemandr ews14. dat , the

2,820 monthly sunspotnumbersobsened in Zurich from

1749to 1983. “seismographiaata”is problemkobe. dat ,

the vertical acceleratiorin nm/sqg.sedueto the Kobeearth-
guale,recordedat TasmanidJniversity, Hobart,Australiaon

16 Januaryl995beginning at 20:56:51(GMT) andcontinu-
ing for 51 minutesat 1 secondntenvals.

TSP tours, we usea branchand boundalgorithm with the
Hungarianheuristicfor branchinglLawler etal., 1985. The
searchtreeexploredby thisalgorithmonsomerandomlygen-
eratedEuclidean2-D problemshasa meanof 30,859nodes,
amedianof 306nodesanda maximumof 17,838,398 0des.
Given a propositionalformula, the SAT problemis to deter
mineif thereis anassignmendf trueandfalseto thevariables
thatmakesthe whole formulatrue. To answerthe SAT deci-
sion problem,we usethe Davis-Putnamalgorithm[Davis et
al., 1964. The meantime by this algorithmto determineif
aformulais satisfiableon somerandomlygeneratedphase
transition” problemsis 19,117 milliseconds,the medianis
3,460ms,andthe maximumis 31,559ms.

Runtimesin both experimentsrangeover several orders
of magnitude andthe dataappeargo follow Benford’s Law
closely Similarresultsareobtainedwith avarietyof different
measure®f searchcost(e.g. CPU time, nodesor branches
visited in the searchiree) againsuggestinga certainamount
of scaleinvariance. Resultslike thesemight be usedto im-
prove systemperformancegespeciallyfor online algorithms.
For example softwarefor allocatingdisk spacecouldbeopti-
mizedto minimizedisk fragmentatiorwith file sizesobeying
Benford's Law. As a secondexample,softwarefor schedul-
ing jobs could be optimizedto runtimesfor individual jobs
thatobey Benford's Law.

4 Generating Benford’s Law data

Given the ubiquity of dataobeying Benford's Law, we may
wish to benchmarkalgorithmswith randomdatathat obeys
Benford's Law. To generatesuchdata, we merely needto
scatterpointsuniformly and at randomon a log scale. The
magnitudeof suchnumbersthenfits Benford’s Law asthe
following theoremshows.
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Figure 4. Distribution of leadingdigits in the size of files
ona SunUltra 10 runningthe Solarisoperatingsystem.The
machineaddresds cal | y. dai . ed. ac. uk. “One user”
arethe10,215files ownedby asingleuser Themearfile size
is 14,728bytes themedianis 1,839bytes,andthe maximum
is10,950,84Dbytes.“All users”arethe83,698files ownedby
all users.Themeanfile sizeis now 30,787bytes,themedian
is 2,704bytes,andthe maximumis 102,756,352ytes.

Theorem 1 Therandomvariable 102"4%) obeys Benfod's
Law underthe assumptionghat & is positiveand integral,
andthatthefunctionrand k) returnsa randomnumberin the
range [0, k).

Proof: By inductionon k. Considerthe casek = 1. The
probability that the leadingdigit is ¢ equalsthe probability
that 102"41) lies in the interval [i,i + 1). This equalsthe
probabilitythatrand 1) liesin theinternval [log, 4 (¢), log; o (i +

1)). This s simply log; (¢ + 1) — log;, (%), which equals
log,o(1 + 1/7) aspredictedoy Benford's Law.

In the stepcase,considerk = n + 1. The proof divides
into two casesiependingon whetherandk) liesin [0,n) or
[n,n + 1). In eachcase py theinductionhypothesisye get
a distribution of leadingdigits which obeys Benford's Law.
As a weightedsumof two statisticsobeying Benford’s Law
also obeys Benford's Law, the combineddistribution obeys
Benford'sLaw. O

This resultdemonstratelow to generatenumberswithin
theinterval [1, 10%) thatobey Benford's Law. We caneasily
generalizehe resultto generatenumbersobeying Benford's
Law in theinterval [107, 10%) for j < k andbothintegral. If
k > j, we candroptherestrictionthatj andk areintegral
sincethe error causedy the first andlastlog interval being
incompletewill be small, andthe distribution will approach
Benford's Law.

Dataobeying Benford’s Law could be generatedy other
methods.For example,we couldfix the sizeof numbersand
generatehefirst digit of eachatrandomusingthe probability
givenby Equation(1), andthe remainingdigits with uniform
probability. However, suchmethodswill tendto samplenum-
berslessuniformly thanscatteringoointsatrandomon alog
scale.Anotherdesirablepropertyof scatteringpointsatran-
domonalog scaleis thatit givesscaleinvariantdata,andour
experimentshave shovn thatsuchdatais common.

Search costs
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Figure 5. Distribution of leadingdigits in the costto solve

some hard computationalproblems. “TSP problems” are
1,000randomlygenerategroblemswith betweerd and 24

cities,placedatrandomonasquareof side1000.“SAT prob-

lems” are1,000randomlygeneratedormulaewith between
10 and 100 variables. Problemsare at the phasetransition
in satisfiability[Mitchell etal., 1993 with aratio of clauses
to variablesof 4.3. A similar distribution of the leadingdig-

its of runtimesis obsenedif we fix the problemsizeat 100

variablesandvariedtheratio of clausego variables.

5 Benchmarking

Algorithms are often benchmarkd with uniformly gener
atedrandomproblems especiallyin thosedomainsin which
“phasetransition”behaior hasbeenidentified(e.g.[Mitchell
etal., 1992;Korf, 1995; Pembertorand Zhang,1996. We
therefore comparedalgorithm performanceon input data
obeying Benford's Law with that on uniform randomdata.
We consideredwo problemdefinedsolely by a sequencef
numbersTSPandnumberpartitioningproblems.

5.1 Number partitioning

Givenabagof integers,we wishto find the partitioninto two
bagswhich minimizesthe differencebetweernthe sumof the
integersin eachbag. Table1 demonstratea large difference
in the costto partition a bagof numbersobeying Benford's
Law comparedo a bagcontainingpurely randomnumbers.
To find the optimal partition, we use Korf’s efficient CKK
algorithm[Korf, 1999. Problemscontainn numbersdravn
atrandomfrom theinterval (0, I] eitheruniformly or soasto
obey Benfords Law. We setl = 2" asthisis closeto the
phaseboundarywherehardproblemsarefound.

As with uniformdatal GentandWalsh,199¢, randomdata
generatedo obey Benford's Law displaysa phaseransition
in the probability of a perfectpartition that sharpensround
log,(l)/n ~ 1 asn increases.For over-constrainedorob-
lems(i.e. for log, (1) /n > 1), thesizeof the optimalpartition
increasesoughly exponentiallywith n (for fixedlog, () /n)
andwith log,, (1) /n (for fixedn). This is similar to random
datageneratediniformly. Searchcostis, however, muchless
thanthat for uniform randomdata. This highlightswhy we
maywishto benchmarkalgorithmsusingrandomdatagener
atedto obey Benford's Law.



n nodesvisited mean median max min
10 | BenfordLaw 2.83 1 21 1
uniform data 20.00 21 46 1
20 | BenfordLaw 8.63 2 221 1
uniform data 5711.38 5725 16312 1
30 | BenfordLaw 19.96 3 1498 1
uniformdata | 2519894.5 2581221 5714518 72122
40 | BenfordLaw 36.30 3 1357 1
uniform data - - - -
50 | BenfordLaw 94.11 4 4494 1
uniform data - - - -
60 | BenfordLaw 280.24 5 51880 1
uniform data - - - -

Table 1. Searchcostto partition 1000 randomlygenerated
problems Eachproblemcontains: integersdrawn atrandom
from the interval (0,2"] either uniformly or so asto obey
Benford's Law.
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1000 T T T T T T T T T E|
99% —~<— ]
95% -+ 1
90% -B--
75% X ]
100 |

nodes visited

10 | &

lO 02 04 06 08 1 12 14 16 18 2
log2(l)/n
Figure 6. Percentilesn the searchcostfor the CKK algo-
rithm to partitionn = 20 numbersdravn from the intenal
(0,1] usinga distribution that follows Benford's Law. 1000
problemsweregeneratet eachintegervalueof log, (7).

In Figures6 and7, we plot phasetransitioncurvesfor the
searctrostof partitioningnumbersdravn eitherfrom anuni-
form distribution or from a distribution that obeys Benford's
Law. Althoughbothuniform andBenford’s Law datahave a
complity peakthatis associatedwvith the transitionfrom
perfectto imperfect partitions, there are significant differ-
encesbetweerthe two graphs.In particular numbersdravn
from adistribution thatfollows Benford's Law aremucheas-
ier to partition than numbersdrawvn from an uniform distri-
bution, especiallyfor log,(!)/n > 1. In Figure8, we plot
how the searchcostsincreasessn increaseandlog,(l)/n
remaindixedatl1. The percentagef problemswith aperfect
partitiondropsfrom 31%atn = 10 to just5.5%atn = 100.
We suspecthis may be the major causeof the apparentess
thanexponentialgrowth in the higher percentiles.We con-
jecturethat,if log, (1) /n is decreasedsn is increasedothat
the percentagef perfectpartitionsremainsconstantat ap-
proximately50%, then simple exponentialgrowth might be
obsered. Problemsare,however, mucheasierto solve than
uniform datafor which searchcostgrows as approximately
20-857 [GentandWalsh,1999.
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Figure 7. Percentilesn the searchcostfor the CKK algo-
rithm to partitionn = 20 numbersdravn from the interval
(0, 7] usinganuniformdistribution. 1000problemsweregen-
eratedateachintegervalueof log, (7).
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Figure 8. Percentiledn the searchcostfor the CKK algo-
rithm to partitionn numbersdrawn from theinterval (0, 27
usinga distribution that follows Benford’s Law. 1000 prob-
lemsweregeneratedt eachvaleof n.

5.2 Traveling salesperson (T SP) problems

To determineif theseresultswere specificto numberparti-
tioning, we turnedto the traveling salespersoifT SP) prob-
lem. To find optimaltours,we againusea branchandbound
algorithmwith theHungariarheuristicfor branching Lawler
etal., 1989. Table2 demonstratea large differencein the
costto find the optimaltour for input datacbeying Benford's
Law comparedo uniform randomdata. The Benford Law
datawas generatecby computingeachentry in ann by n
symmetricinter-city distancematrix usingthe randomvari-
able,107#4(4) | The uniform randomdatawasgeneratedy
placingn cities at randomon a squareof side10* andcom-
putingtheinteger Euclidear2-D distancebetweerthem.
Why are TSP problemswith inter-city distancesobeying
Benford's Law easielto solve to optimality thanuniformran-
dom problems?TSP problemsgeneratedo obey Benford's
Law will containinter-city distancestall lengthscalesAs a
result,mary of thelegsleaving a particularcity will beruled



n nodesvisited mean median max min
10 | BenfordLaw 32.55 29 116 31
uniformdata 112.15 46 1702 82
15 | BenfordLaw 132.81 108 662 65
uniform data 2617.79 322 75493 258
20 | BenfordLaw 398.83 313 2049 650
uniform data 13289.06 2859 373442 554
25 | BenfordLaw 1289.37 912 9562 162
uniform data 207055.97 23548 5528963 1369
30 | BenfordLaw 3081.51 1477 3122 869
uniformdata | 1087824.11 210054 32739476 218682
35 | BenfordLaw 8376.13 2634 137136 1869
uniform data - - - -

Table 2. Searchcostto find optimal tour for 100 problems
with n cities andan inter-city distancematrix generatecbi-
therto obey Benford's Law or from a randomand uniform
placemenbf thecitiesona 2-D square.

out by analgorithmlike branchandboundasthey areobvi-

ouslytoolong. Hence the“effective” branchingateis lower
thanwith uniform randomproblemswheretheinter-city dis-
tancedollow mary fewerlengthscales Thefactthatrandom
dataobeying Benford's Law provedeasierthanuniform ran-
dom datain both thesedomainsshouldbe reassuring. By

exploiting structurelik e that capturedoy Benford’s Law, we
may be ableto copewith problemsthatareintractablein the
worstcase.

6 Small worlds

The clusteringof leadingdigits modelledby Benford's Law
may be relatedto clusteringin other structuredike graphs.
For example WattsandStrogatzhave shavn thatgraphsthat
occurin mary biological, socialand man-madesystemsare
often neithercompletelyregular nor completelyrandombut
have insteada “small world” topology in which nodesare
highly clusteredandpathlengthsaresmall [Watts and Stro-
gatz,1994. Walshshaved that graphswith a small world
topologyoccurfrequentlyin searchproblemsandcanhave a
largeimpacton searchcost[Walsh,1999.

To identify graphswith a smallworld topology, Walshin-
troducedthe scaleindependenparameten: [Walsh, 1999.
This s definedasthe clusteringcoeficient (the averagefrac-
tion of your neighboursconnectedo eachother)divided by
the characteristicpath length (the averagepath length be-
tweenary two nodes),both normalizedby their valuesfor
a randomgraphwith the samenumberof nodesand edges.
By definition,randomgraphshave p = 1, while graphswith
asmallworld topologyhave i, > 1. To demonstratéheubiq-
uity of graphswith a smallworld topology, Watts& Strogatz
[Watts and Strogatz,1994 usedgraphsderived from three
sources:the online film actorsdatabasethe power grid in
thewesternhalf of the United Statesandthe neuralnetwork
of the nematodevorm. In therestof this section,we focus
ontheactorsdatabaseWe conjecturghatsimilar alguments
couldbemadefor othergraphswith a smallworld topology

To generate graphfrom the actorsdatabaseye associate
actorswith nodesandaddan edgebetweemodeswheneer
thetwo actorsassociatedvith thesenodesappeartogethelin
afilm. We wish to simulatethis processout control the fre-
gueng with which actorsappearso, for example,we canfit

it to aBenfordLaw distribution. We begin by fixing thetotal
numberof timeseachactorappearsn all films. Wethenwrite

outalonglist of theirnamesgachnameappearingheappro-
priate numberof times. We randomisethis list, andbreakit

into lengthsdeterminedy the castsizeof eachmovie. Using
thesecastlists, we thenconstructthe associatedraph. This
modelignorescertainfeaturesof castingfilms. For example,
thereis no provision for pairsof actors,suchas Laurel and
Hardy, who appearedn mary films together We do, how-

ever, allow thesameactorto appeamorethanoncein afilm,

asAlec Guinnesglid in ‘Kind HeartsandCoronets’.
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Figure 9. Mu parameten (i.e. small worldiness)of ran-
domisedfilm datagraphs. All films hada castlengthof 5.
The numberof appearancesf eachactorrangesfrom 1 to
25 andfits Benford's Law. The total numberof castappear
ancegangedirom 250to 25,000,(i.e. we simulatedfrom 50
to 5000films). A linearregressiorfit is alsoplotted.

Someresultsare shavn in Figure 9. We obsene linear
growth in the small-worldinessasthe numberof actorsis in-
creased.We seesimilar linear growth with othergeneration
parametersTherealactorsdatabasesedby [WattsandStro-
gatz,1999 hasn ~ 250,000 andy = 2396. Extrapolation
of Figure9 suggestshatatn = 250,000, 4 ~ 3,100. The
closenes®of thesenumbersis probably not significant, but
it is significantthat this simple randomprocessbasedon a
distribution obeying Benford's Law gives graphsof similar
smallworldinesso therealgraph.

This methodof generatinggraphscreatesa small world
topology comparabldo that generatedy the rewiring pro-
cessproposedn [Wattsand Strogatz,1994 or the “morph-
ing” processproposedn [Gentet al., 1999. As mary real
world graphshave a significantsmall world topology Ben-
ford’s Law may alsobe usefulfor benchmarkingalgorithms
involving graphs Applicationsof Benford's Law arethusnot
restrictedto purelynumericaldomains.



7 Related work

Benford's Law canbe tracedbackto Newcomb[Newcomb,
1881] who obseredthattablesof logarithmsweredirtier at
thefront thantheback,andproposedvithout explanationthe
equationlog; (1 + 1/¢) for predictingthe frequeng of the
leadingdigit. The law wasthenlargely forgottenuntil [Ben-
ford, 193§. From a computationalperspectie, Knuth has
suggestedKnuth, 1981] thatnumericalcomputationse op-
timizedto dealwith datafollowing Benford'sLaw. Recently
Nigrini hasshavnthatmary aspect®f financialaccountdik e
expenseslaimsfollow Benford's Law [Nigrini, 1996. Us-
ing standardstatisticaltests heis ableto detectfraudulentor
erroneouslatawhich deviatesfrom thelaw.

Hill' s theorem[Hill, 1999 offers an explanationfor the
ubiquity of Benford's Law in naturalphenomenaThis the-
oremprovesthata randommix of differentdistributionsfol-
lows Benford's Law even whenthe individual distributions
themselesdonotfollow or approximateBenford’sLaw. Our
resultsshav that mary statisticsassociatedvith algorithms
like runtime often obey Benford’s Law. This suggestghat
the performanceof algorithmsmay be bestmodelledasthe
synthesiof severaldifferentdistributionsandnot by ary one
distribution. This concurswith the argumentsof [Hoosand
Stutzle,1999 for studyingrun-timedistributionsfor Las Ve-
gasstylealgorithmsonsingleprobleminstancesn anattempt
to separateut differentdistributions.

8 Conclusions

We have shawvn that Benford's Law describesa wide range
of computationaphenomena.We first identified Benford's
Law in benchmarkTSP andtime-seriesdata. We then ob-
sened Benford's Law in a numberof other computational
statisticancludingfile sizeandruntime.We provedthatscat-
tering numbersuniformly on a log scalegivesdatathatboth
obeys Benford’s Law andis scaleinvariant. We then stud-
ied theimpactof dataobeying Benford’s Law on algorithms
for the TSP and numberpartitioning problem. We obsenred
phasetransitionbehaiour similar to that seenwith uniform
data. However, the costof optimizationwith dataobeying
Benford's Law was significantly smallerthan the costwith
uniform randomdata.Finally, we identifieda connectiorbe-
tweenthe clusteringof digits in Benford's Law and cluster
ing in otherstructuredike graphswith a small world topol-
ogy. Thisoffersanew way of generatingyraphswith asmall
world topology

Whatgeneralessonsanbe learntfrom this study?First,
mary different computationalphenomenappearto follow
Benford's Law. This obsenation could be usedto improve
algorithmperformancéde.g.by load balancing) aswell asto
modelalgorithmbehaiour. Secondgeneratinglatato obey
Benford's Law may be usefulfor benchmarkingalgorithms.
For example, partitioning integersthat obey Benford's Law
is much easierthan partitioningintegersthat are distributed
uniformly. And finally, mary other complex systemsmay
follow Benford's Law. For example,the size of files trans-
ferredoverthelnternetandtheir transmissioriimesmayfol-
low Benford’s Law. The previously reportedZipf-lik e distri-
butionsfoundin suchdata[Hubermaretal., 1994 suggesa

certainamountof scaleinvariance andscaleinvariancdeads
to Benford'sLaw [Hill, 1995. We shouldthereforebeonthe
lookout for Benford's Law in othercomputationatiomains.
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