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Abstract. Symmetry in a Constraint Satisfaction Problem (CSP) cascmasted
search, which can be avoided by adding constraints to thet@€8&clude sym-
metric assignments or by modifying the search algorithmhsd $earch never
visits assignments symmetric to those already consid@wead.such approaches
are SBDS (Symmetry Breaking During Search) and SBDD (Symynigteak-
ing by Dominance Detection); modifications of these are GBBBS and GAP-
SBDD, which work with the symmetry group rather than the vidiial symme-
tries. There has been little experience of how these teabsigompare in prac-
tice. We compare SBDS, GAP-SBDS and GAP-SBDD in findinggadiceful
labellings of graphs with symmetry. For these problems, the benefitsAR-G
SBDS over SBDS outweigh the additional overheads, exceptwe number
of symmetries is small. When simple constraints can be faorateak all the
symmetry, they can give better problem-solving perforneatiian GAP-SBDS;
however, if the constraints break only part of the symme&sP-SBDS does
less search and is faster. Surprisingly, GAP-SBDD is slaifvan GAP-SBDS
for these problems, and we show that this is due to a featutteeod€£SP model.
Eliminating symmetry has allowed us to find all graceful léibgs, or prove that
there are none, for several graphs whose gracefulness wpeer@musly known.

1 Introduction

Symmetry in a Constraint Satisfaction Problem (CSP) occurs when atiffépartial
or complete) solutions to the CSP correspond to essentially the sdnt®sdo the
problem that the CSP models. For instance, in 3-colouring the nodegaph, it is
only necessary to partition the nodes into three sets of different @lbar CSP model
allocates a specific colour to each node, it will have sets of equivalentsudtiti which
the three colours are permuted.

More formally, a symmetry of a CSP whose set of constraints (s is a bijective
function f such that for any partial or full assignmeatto the variables inP, f(A)
satisfies the constrain€ iff A does.

Symmetry in CSPs can cause wasted search, because the search for solutions may
repeatedly visit partial assignments symmetric to ones already consideagohitial
assignment does not lead to a solution, neither will any symmetricallivaqut as-
signment. If we are searching for all solutions, then for any soluiamd, we will
also find all its symmetrically equivalent solutions; in terms of thiginal problem
modelled by the CSP, these are not distinct solutions.

A common way to reduce or eliminate symmetry is to add constraints to$fe C
to exclude some or all symmetric equivalents. Ideally, the new contrahould be



satisfied by only one assignment in any symmetry equivalence class. ters lodrd
to find simple symmetry constraints; moreover, they can interact badhytiaé search
strategy. It may be that amongst the solutions in a symmetry equosleass that
do not satisfy the new constraints is one that would be found eagiiem the search
strategy being used, than any of the solutions that can still be found.

An alternative is to adapt the search algorithm so that constraints are aaidiegl d
search to prevent exploration of symmetric assignments. SymmetryiBgeBkring
Search [1, 10] adds such constraints on backtracking to a choice poimigressplored
the subtree resulting from the choice (typically the assignment afuevo a variable,
sayvar = val), the search will explore the subtree resulting from the oppobitéce
(var # val). If the set of assignments already made along the path from the rdosto t
pointis A, then for every symmetry, SBDS adds the constraigtd) = g(var # val).

SBDS has been implemented in ILOG Solver, and an SBDS library is now aeailab
in the ECLEPS constraint programming system. SBDS requires a function for each
symmetry in the problem describing its effect on the assignment of a Y@k variable.
Although SBDS has been successfully used with a few thousand symmettyons,
many problems have too many symmetries to allow a separate function for each

To allow SBDS to be used in such situations, Genhal. [8] linked SBDS (in
ECLPS) with GAP (Groups, Algorithms and Programming) [6], a systemdom-
putational discrete algebra and in particular computational group th&édy-SBDS
allows the symmetry group, rather than its individual elements, teeberibed. GAP is
used, for instance, to find tietabiliserof a partial assignment, i.e. the subgroup which
leaves it unchanged.

GAP-SBDS allows the symmetry to be handled more efficiently than inSGBie
elements of the group are not explicitly created, as is required in th@al§BDS. On
the other hand, GAP-SBDS has the overhead of the communication betweéRECL
and GAP. Furthermore, the symmetry-breaking constraints posted otrddéig are
constructed dynamically from the stabiliser rather than being pre-definthe isym-
metry functions as in SBDS. It can be expected that GAP-SBDS will be erludivice
than SBDS when the symmetry group is large, if only because it becomeadtitat
to list explicitly the individual elements of the group. However §mall symmetry
groups, SBDS may well be faster.

Symmetry Breaking via Dominance Detection (SBDD) [3] performs a check-at ev
ery node in the search tree to see if it is dominated by a symmetric equivdlen
subtree already explored, and if so prunes this branch. Harvey [1Hiegphat SBDS
and SBDD are closely related; the difference is where in the search tree, ansyhow,
metry breaking is enforced. In SBDD, the dominance detection functicasisdon the
problem symmetry and is hand-coded for each problem. €gal [9] have recently
developed GAP-SBDD, a generic version of SBDD that uses the symmmeinp @f
each problem rather than an individual dominance detection function and3IBRE
(in ECL?PS) with GAP. At each node in the search tree ERS communicates with
GAP, which performs the dominance check. Sometimes when the node i®mét d
nated, GAP can identify variable/value pairs which can be deleted from dortlaims;
information is returned to ECPS for use in the search.



In [8], limited experiments with GAP-SBDS are reported; it is muchdashan
the original SBDS on the Alien Tiles problem [7], where the symmefryup has
1152 elements. Experiments with two Balanced Incomplete Block Desigriepnsb
(BIBDs) showed that it can successfully handle symmetry groups willfors of el-
ements, which SBDS clearly cannot do. However, symmetry constraintshgsdies
results than GAP-SBDS on the two problems considered, except for keaoiaterings
incompatible with the constraints. Fataeal.[3] showed that SBDD could find a set of
non-isomorphic solutions to the golfers’ problem when SBDS weabie to, although
SBDD used a simpler model. Gegit al. compared GAP-SBDD with GAP-SBDS ap-
plied to BIBDs and showed that GAP-SBDD could solve much larger proflemd
was faster than GAP-SBDS on the smaller problems which both could solve.

However, more experience of these techniques is required in order tdydeinich
is appropriate for a given situation. For instance, we need to know whéthP-SBDD
will be faster than GAP-SBDS in general. If simple constraints can beddoat will
break some of the symmetry in a CSP, we need to know whether we shauldars,
or use one of the techniques that break symmetry during search. In thés pegpin-
vestigate symmetry breaking in a class of graph labelling problems. Wpa@®BDS
with GAP-SBDS; GAP-SBDS with constraints to break the symmetrg;@AP-SBDS
with GAP-SBDD.

As well as providing further experience of these techniques in practicetraons
programming has proved to be a valuable technique for investigatisg throblems.
Eliminating symmetry has allowed us to find many new results. We prasené of
these results here; more can be found at http://scom.hud.ac.uk/scé@Brbogsul.

2 Graceful Graphs

A labelling f of the nodes of a graph withedges iggracefulif f assigns each node a
unique label from{0, 1, ..., ¢} and when each edgey is labelled with|f(z) — f(y)],
the edge labels are all different. Figure 1 shows an example. The stughacéful
graphs is an active area of graph theory. Gallian [5] surveys graceful giaplggaphs
which have a graceful labelling, and lists the graphs whose statusverki5] is the

Fig. 1. The unique graceful labelling dfs x Ps».



latest version of a dynamic survey which first appeared in 1997 and has lgesar ke
updated.

Finding a graceful labelling of a given graph, or proving that one doésxist, can
be expressed as a CSP. Specific cases have previously been consideredafmein
the all-interval series problem (problem 007 in CSPLib, at http:kwasplib.org) is
equivalent to finding a graceful labelling of a path, and Lustig & Puge} fd@nd a
graceful labelling of a graph discussed in section 3.

A CSP model has a variable for each noglg,xo, ..., 2, €ach with domaif0, 1,
..., ¢} and a variable for each edg#,, do, ..., d,, each with domaif{1,2, ...,¢}. The
constraints of the problem are: if edggoins nodes; andj thend, = |z; — z;|;
Z1,2, ..., zy are all different; and,, ds, ..., d, are all different.

Other modelling decisions were made after experiments to find a model which
would give good results in general. The allDifferent constraint onnibe variables
is treated as a set of binagy constraints, whereas for the edge variables we use the
highest level of propagation provided for the allDifferent constraiECL'PS . They
are treated differently because the values assigned to the edge variablegmmua
tation and hence give more scope for domain pruning than the node learialhich
have far more possible values than variables.

We assign values to the node variables only and use lexicographic eaoiaigr-
ing. In [12], a smallest domain ordering was found to be far supenierhave found
it usually better, but not dramatically so. On some graphs, when ugmmstry con-
straints, smallest domain ordering is seriously misled and givesnesatts. Using a
static variable ordering also simplifies the comparison of symmetghing strategies;
differences in performance are due solely to the symmetry breaking.

To find all graceful labellings of all but the simplest graphs, it is esaktut elimi-
nate all or most of the symmetry, both to identify a set of non-isquhia solutions and
to avoid wasted search. There are two kinds of symmetry in the CSRiliesé may
be symmetry in the graph. For instance, if the graph is a clique, any patioruof the
node labels in a graceful labelling is also graceful. If the graph is a paththe node
labels can be reversed to give an equivalent labelling. The second type wfetgynis
that we can replace the value of every node variabley its complemeny — z;. We
can also combine each graph symmetry with the complement symmetry. Fordast
the graceful labelling (0, 3, 1, 2) d?, has three symmetric equivalents: reversal (2, 1,
3, 0); complement (3, 0, 2, 1); reversal & complement (1, 2, 0, 3).

3 K,, X P, Graphs: SBDSv. GAP-SBDS

The graph shown in Figure 2, with the node numbering used in tlied@ one of its
graceful labellings, is the cross-product of the cligiie and the pathP: it consists
of two copies ofK4, with corresponding vertices in the two cliques also forming the
vertices of a patlP,. Lustig & Puget [12] found a graceful labelling of this graph; it
was not previously known to be graceful. However, they looked fdy one graceful
labelling of the graph and did not break any of the symmetry.

The symmetries of the graph are, first, intra-clique permutations: emyytation of
the 4-cliques which acts on both in the same way. For instance, we can saensmies



Fig.2. The graphK4 x P».

1 and 2 and simultaneously 5 and 6. Second, inter-clique permutatierabtils of the
first cliqgue (nodes 1, 2, 3, 4) can be interchanged with the labels of thespamding
nodes (5, 6, 7, 8) in the second. These can also be combined with each othathand w
the complement symmetry. Hence, the size of the symmetry groupi24t 2, or 96.

GAP-SBDS requires the symmetry group of the problem as input. IR-GBDS,
symmetries act ovaguoints which correspond to variable-value pairs. To simplify in-
putting any group (such as the subgroup of graph symmetries) whiettafinly the
CSP variables, we have extended GAP-SBDS by writing code (in the I@dduage)
to convert a set of generators for such a group to act over pointd{kFor P,, possi-
ble permutations of the nodes which will generate the graph symmetdaemanyclic
form, (1 2)(5 6), (2 3)(6 7) and (3 4)(7 8) for the permutationdwnitthe cliques and
(1 5)(2 6)(3 7)(4 8) to interchange the two cliques. These will genatb8 elements
of the graph symmetry group. (Note that the set of generators need nahlmal; as
pointed out in [8], the user can add representative permutations of eacbftgpm-
metry in the problem to the set of generators, until GAP produces thgrwp.) We
have written further GAP code to transform the graph symmetry gemsratdorm
new generators over the points for the full symmetry group, inolyithe complement
symmetries, which affect the values of the node variables. This could leeajsed to
other cases where some symmetries affect the variables and some the values.

In SBDS we require a function for every symmetry other than the idente. 95
functions forK, x P,. We used GAP to output the required functions, using the same
generators as for GAP-SBDS. As described in [7], GAP was used in a sfaslaion
to produce the symmetry functions for the Alien Tiles problem.

Some of the symmetry in th&, x P, problem can alternatively be eliminated
using constraints. We devised several different strategies for @tm@or reducing
the symmetry, in order to compare the original SBDS and GAP-SBDS.

A: We can eliminate all the symmetry (i.e. the full symmetry group oéRfnents)
using SBDS or GAP-SBDS.

B: Alternatively, we might choose not to eliminate the complement sgtrigs; at
worst this will double the number of solutions. We are left witktjthe graph symmetry
group, i.e. 48 symmetries.

C: Once we ignore the complement symmetry, the inter-clique symmatnbe
eliminated by adding constraints to the CSP, provided that they dintesfere with
permuting the node labels within the cliques. A permissible comstisathat the small-



K3XP2 K4XP2 K5XP2
SBDS |[GAP-SBDY SBDS |GAP-SBDS SBDS |GAP-SBDS
StrategyBT sec|BT sec| BT sec| BT sec| BT sec| BT sec
60.25 9 0.54147 12.9165 8.34172 13564390 382
16 0.24 16 0.59369 13.1369  14.39889 9299889 793
16 0.21 16 0.58369 11.0369  14.19889 6599889 783
16 0.2 - -1369 10.6 - -19889 629 - -

OO w>

Table 1. Comparison of different levels of symmetry breaking usii®@PS or GAP-SBDS for
finding all graceful labellings of(;, x P». BT is the number of backtracks.The running time is
on a 1.6GHz Pentium 4, running ERS’.

est node label in the first clique is less than the smallest in the last.tk§ constraint,
SBDS or GAP-SBDS need only eliminate the 24 remaining symmetries.

D: the 24 remaining symmetries consist of all permutations of theessib$,5},
{2,6}, {3,7} and {4,8} of the variables. This is a generalisation of symmetry due to
variables being indistinguishable, and in this special case, the symmetheaalim-
inated by just the transpositions of the variables, or sets of variaigésy permuted.
Here, each transposition acts on two of the variable subsets, e.g. onethevdgisels
of nodes 1 and 2, and of nodes 5 and 6. In SBDS, we provide a functieatdr of
the six transpositions. This cannot be done in GAP-SBDS, howkeeause the subset
of transpositions is not closed under composition and so is notgreup of the full
symmetry group. As in strategy C, the inter-clique symmetry i&éndoy a constraint.

These different ways of dealing with symmetryAn x P, using SBDS and GAP-
SBDS are compared in Table 1. Results are also giveR§or P, with 24 symmetries,
andKx x P, with 480. There are 4 non-isomorphic graceful labelling&efx P, and
15 of K4 x P,. K5 x P; has a unique graceful labelling (shown in Figure 1). Strategies B,
C and D only break the graph symmetries and so find twice as many solutignsP,
and K, x P, were already known to be graceful, but the number of non-isomorphic
graceful labellings, and the results fig x P,, are new.

For each graph, when all but the complement symmetries are eliminated, i.e. for
strategies B, C and D, SBDS and GAP-SBDS incur the same search effatigitthe
runtime differs considerably. In strategy A, SBDS does less search tARRSBDS;
this seems to be due to the lazy evaluatiog@l) in GAP-SBDS, to delay imposing
constraints. The best strategy for SBDS is D, where the number aghsymy functions
is smallest. Increasing the number of symmetry functions severely affextsinning
time of SBDS, to the extent that strategy A is much the slowest giydte SBDS on
the largest problem, even though the number of backtracks is more thadh@he
running time of GAP-SBDS, on the other hand, is much less affectedeayumber of
symmetries, and its best strategy is to break all the symmetry and hence renefi
the reduction in search.

For each problem, strategy C is faster for SBDS than for GAP-SBDS, ishjdiat
for a sufficiently small number of symmetries (120 #6¢ x P) it is faster to have the
individual symmetries expressed explicitly than as a group, and sd th@overheads
of interacting with GAP. However, it does not depend solely on the diteecsymmetry



group: forK, x P, strategy A is faster for GAP-SBDS than for SBDS, although there
are only 96 symmetries.

We can extend these symmetry-breaking strategies to the gfaphP;. This has
a third 4-clique whose nodes are joined pairwise to the second. Véeftvard the 704
non-isomorphic graceful labellings of this graph. As with x P, K4 x P3 was not
previously known to be graceful. We compared GAP-SBDS, breakingaditinmetry,
with SBDS using strategy D, i.e. the best strategy for each methodsyrhmetries are
exactly as inK, x P», but instead of swapping the first and second clique, we swap
the first and third. GAP-SBDS takes 386,068 backtracks and 21150 sd2S &iRes
844,629 backtracks and 32700 sec.

This reinforces the conclusion that for these problems the best strieGAP-
SBDS is faster than the best for SBDS, except for the siédalk P, problem. It is
better to break all the symmetry using GAP-SBDS than to break only halj &8DS,
even though we can then use only a small number of symmetry functions.

4 Symmetry-Breaking Constraints

We could alternatively consider breaking the symmetr¥gf x P, using constraints
added to the CSP. For all except the combinations of the complement sgyranelt
the graph symmetries, this is straightforward. We can follow th&esyatic procedure
given by Crawforcet al.[2] for generating such constraints: we write down a solution
(1,22, ...,2,) to the CSP and the effect on this solution of every symmetry in the
problem, and then impose constraints ensuring that the original@ola lexicograph-
ically smaller than any of its symmetric equivalents. In theory, thishinigad to one
constraint for every symmetry, but often the constraints can be gietpfio that many
symmetries are eliminated by the same constraint. For instanég, in P>, any sym-
metry which transposes the labels of nodes 1 and 2 (and hence also of node&) ssand
eliminated by the constraint; < z,. (The task of finding constraints is simplified by
the fact thate; andz, cannot be equal.)

The constraintx; < x3, z2 < 23, £3 < x4 exclude permutations within the
cliques ande; < x5, 1 < g, 1 < 27, T1 < xg €xclude swapping the first clique
with the second and permuting both. Since the constraints implyzthat 0, we can
add this and then only need < 3, 23 < x4. Hence, three constraints eliminate half
the symmetry, i.e. 48 elements of the symmetry group.

We can compare these constraints with those added during search by SBBS. Wh
we have a symmetry function in SBDS for every graph symmetry (slydgthe effect
will be similar to adding a constraint to the model for every symmetng will result
in many duplicated constraints added on backtracking. Hence, strategy Bgislyou
comparable to using Crawfort al’s procedure without doing any simplification and
amalgamation of the resulting constraints. Strategy D, with onlynénsgtry functions,
is roughly comparable to the three simplified constraints which breathallgraph
symmetries. The constraints are slightly quicker than strategy B fox P, andK x
P, and take almost exactly the same number of backtracks. However, SBDS has an
additional advantage in being independent of the variable ordering. rbicegure for
deriving the symmetry constraints assumes that the variables will ignedsin the



orderzy, xs, ..., Z,; If they are not, finding solutions may be delayed. On the other
hand, SBDS will always find the first solution, with respect to thealaslg ordering, in
any symmetry equivalence class.

In principle, we could eliminate all the symmetry by adding constramtee CSP.
However, the combinations of the complement symmetry and the grapimetyias
require many more, and more complex, constraints than the graph syissné&ior
instance, the solution shown in Figure 2, (0, 3, 13, 14, 16, 7),Xcéh be transformed
to (16, 13, 3, 2,0, 9, 15, 7) by taking the complement, then to (0597116, 13, 3, 2)
by swapping the two cliques, and finally to (0, 7, 9, 15, 16, 2, 13pB)h permutation
of the cliques. The final solution satisfies the constraints already added.

This symmetry transforms the general solution, =2, ©3, =4, x5, Zs, T7, Tg) 1O
(q — T5,4 — 28,4 — 7,4 — T6,q — L1, — Ta,q — T2,4 — 1"3)' FOIIOWing [2]! we
could add constraints to ensure that the first solution is lexicogralbhless than the
second. ECIPS allows this to be stated as a single constraint, which is equivalent to
(and in other constraint programming systems would have to be equres) the set
of constraintsz; < q — z5; if 11 = ¢ — x5 thenzy < ¢ — zg; if 21 = ¢ — 25 and
Ty = q— zg thenzs < q—z7;if 21 = ¢ — x5 andxy = ¢ — 23 andzs = ¢ — z7
thenzy < g — z6. This is a cumbersome way of excluding just one symmetrically
equivalent solution. Unless we can combine and simplify the constrairging from
different symmetries, which would require time and effort even if fiidsswe need one
such set of constraints for every one of the 48 remaining symmetries.

To break these 48 symmetries in SBDS, we provide a symmetry functia@ath.

As explained in [10], this effectively automates the conditional congsand again
gives independence of the variable order. GAP-SBDS, of course, doesmtiegab, but
using the group and not the individual elements.

Hence, for these graphs, it does not seem practicable to derive constrdirgsko
the complement symmetries using the approach in [2]. In the next seet@consider
further the role of symmetry constraints in graceful graphs.

5 GAP-SBDSVv. Constraints

As in the last section, for the graphs considered here some but notth# symmetry
can easily be broken by adding constraints to the GSPx K3 is composed of three
4-cliques and four 3-cliques and is shown in Figure 3 with the nodeouing used in
the CSP. It was not previously known to be graceful: Figure 3 stomesof its graceful
labellings.

The variables of the CSP could also be represented by 4 Batrix ( x5 vg oy o8 )

g 10 T11 T12

in which the rows represent the 4-cliques and the columns representtiyg&s. The
graph symmetry can be translated into row and column symmetry in thexmmaeri
given any solution, permuting the rows and/or the columns giveandtleneset al.

[4] show that if a CSP can be represented by a matrix of variables with rowanohn

symmetry, and all the values in the matrix are required to be distinceras then the
row and column symmetry can be broken by constraints that the largesstalulel be
in the bottom-right corner of the matrix and that the last row and ldshwo should be



Fig.4. The graphK3 x K.

ordered. In this case;;» = 30 (the number of edges) and since there must be an edge
joining the nodes labelled 0 and 30, eitligr= 0 or zg = 0.

Because of the complement symmetry, breaking the row and column symroety d
not break all the symmetry of the problem; however, we can use GAP-38Dfak
all 288 symmetries (4k 3! x 2).

Finding all graceful labellings of this graph takes too long using ¥, and
we restricted the search to solutions in which the edge with value 30 Dacar 4-
clique rather than a 3-clique. When using the symmetry constraintayians that,
=0, sincex12 = 30. GAP-SBDS found the 17 non-isomorphic solutions in Térs
runtime, but only 29 solutions had been found using the symmetrgti@nts after
allowing 50% more time. (Since the complement symmetries are not bedhkgr
there are 34 possible solutions.)

A possible factor in the poor performance of the symmetry constrairkgat they
conflict with the variable ordering. We have used the constraints aslstefd] and they
do not seem an obviously bad choice. However, we can break the graph symimetries
forcing any corner element of the matrix to be the maximum element of the matrix,
and ordering the row and column containing the corner. To investigase ttifferent
symmetry constraints, while keeping the same variable ordering, wedsra smaller
graph,K3 x K3, shown in Figure 4, which can be represented byxa®3matrix. This
is not graceful: any graph in which every node has even degree and the mfratiges
is congruentto 1 or 2 (mod 4) is known to be not graceful.



GAP-SBDS, breaking: Symmetry constraints, with
144 72 36 maximum element at:
symmetriessymmetriessymmetries top-left | top-right|bottom-lefibottom-righ
BT sec| BT sec{ BT sec| BT sec| BT sec| BT sec| BT sec
1393 682651 1375513 2075499 1447050 1845008 1488276 241

Table 2. Comparison of GAP-SBDS and symmetry constraints in protfiieg K3 x K3 is not
graceful.

As shown in Figure 4, the graph is made up of two sets of trianglesedsas per-
mutations within each set of triangles, corresponding to row and colwrmuygations

. . r1 T2 T )
in the matnx( = 35 70 ) we can exchange one set of triangles for the other, correspond-
7 L8 L9

ing to transposing the matrix. Hence, the problem has 3! x 2 x 2 symmetries, or
144; constraints to eliminate the row and column symmetries of thexwaitt only
eliminate 36. In Table 2, we compare GAP-SBDS and symmetry-breakirggraoms

in proving that the graph is not graceful. GAP-SBDS is used with tilesymmetry
group of 144 elements, and with subgroups. We first omit those elsrimealving in-
terchanging the two sets of triangles; sid€gx K3 does not have this symmetry, these
results are comparable to those for the larger graph. Second, we alsihemmimple-
ment symmetries, giving a subgroup of size 36; GAP-SBDS is then ingetile same
symmetries as the constraints.

We break the row and column symmetries of the corresponding matrix &, fer
K3, and compare the results of constraining the maximum element to be in etheh of
four corners in turn. (We could instead force a corner element to beihienumele-
ment in the matrix, and change the ordering constraints on the row amghe@ontain-
ing the corner appropriately. However, in EGIS this gives exactly the same number
of backtracks for this problem.)

Table 2 shows that with symmetry-breaking constraints, the least seaddnée
when the maximum element of the matrix is constrained to be in the baéficorner,
and that the bottom-right corner (as used&or x K3) is the worst choice. It seems to
us that this behaviour would be hard to predict, and ahatori any of the four choices
seem reasonable. When GAP-SBDS breaks the same symmetry as the conisraints,
performance is comparable: it does better than the worst choice of corsthaintvorse
than the best. When it breaks more symmetry than the constraints, ea.itnh given
the full symmetry group of 144 elements, or the subgroup of 72 elemitioes less
search and is faster.

In the K4 x K3 problem, similarly, GAP-SBDS breaks all the symmetry and the
constraints only half. The experience with tie x K3 graph suggests that this, rather
than a conflict with the variable ordering, is the reason for the podopeance of the
symmetry constraints relative to GAP-SBDS.

As mentioned in section 1, Geettal.[8] compared GAP-SBDS and symmetry con-
straints in solving two BIBDs. As with the graphs considered ia figction, BIBDs can
be represented as matrices of variables with row and column symmetry. ttisunadly
possible to find simple constraints which are guaranteed to break adivthead column



symmetry in a matrix; the graceful graph problems are an exception becatinseret
quirement that all the values must be different. In the BIBDs, congsraiare imposed
to order the rows and columns lexicographically. Such constraints aresoally able
to break all the symmetry, and from our results here we should therekpect that
GAP-SBDS would be faster. However, the constraints did break alythengtry in the
two BIBD instances considered. The problems were solved faster usicgtis&raints
than with GAP-SBDS, but it is not clear whether this is because the eamtstrdid
break all the symmetry in these instances, or whether the size of the sgymgnatp
(millions of elements) also played a part. Further experiments are neesiegl whether
GAP-SBDS is in general faster than symmetry constraints when the lattertdweak
all the symmetry.

6 Double-wheel Graphs

The final category of graphs we have investigated consist of two whHég|s,with a
common hub: we refer to them &8¥,,,. They could be composed &5,,, | Cr)+ K1,

i.e. two copies of the cycl€’,,, with each vertex joined to a central point. Figure 5
showsDWj; with a graceful labelling.

We selected this class because we can badlathe symmetry using simple con-
straints; and hence it allows us to compare GAP-SBDS and symmetry @iotsin a
problem class where we expect the constraints to do well. We believé&éhgtaceful-
ness of these graphs has not previously been investigated: we havetsladN W3 is
not graceful, whereaBW, andDWj are, with 44 and 1216 non-isomorphic labellings
respectively.

The two cycles(,,,, each have rotation and reflection symmetries. These can be
eliminated by adding, for the cycle consisting of nodes 2, 3, 4n.+ 1, them con-
straintszs < x3, 2 < T4, ..., Tz < 1 ANdzg < Tp,41. We add similar constraints
for the second cycle. The labels of the two cycles can also be interchangedniveasd
that symmetry by a constraint that the smallest node label in the fickt t7less than
the smallest in the second. With the other constraints, this sieptidizce < x,42.

The central node (node 1) is unaffected by the graph symmetries. Thisalkbto
break the complement symmetries in these graphs. Given any solutiors aodriple-
ment, one has; < ¢/2 and the other;; > ¢/2. Howeverx; cannot be equal tg/2:
node 1 would then be connected to the nodes labelled @aaad so there would be
two edges labelled/2. Hence, the constraint < ¢/2 ensures that we do not get both
a solution and its complement and so eliminates the complement symmetries.

Hence, for the graphs in this class, all the symmetry is eliminated by gadin- 2
constraints to the CSP. These constraints could be derived usingpitedpre from [2]
described earlier, assuming that variables will be assigned in thesardey, ..., zam 1.
On the other hand, the symmetry group Bas x 2m x 2 x 2, or 16m?, elements, so
GAP-SBDS must handle a group of this size to eliminate all the symymet

Table 3 compares symmetry-breaking constraints and GAP-SBDS for tregsesg
Constraints are the better choice, when the variables are assigned in #hendsar
L1, 22, L3, Tay eee However, the difference in speed is not as great as might be expected,
given that inDW;, say, GAP-SBDS is handling a group of 400 elements, whereas only
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Fig. 5. The double wheeDWs3, with a graceful labelling.

GAP-SBDSConstrainty
GraphSymmetries BT sec| BT seci||Grap Ordering BT sec| BT sec
DWs; 144 48 1.9 21 0.34 DW4|1,2,6,7,8,9,3,4/5963 29.3 570 11.¢
DW, 256 1053 36.1 911 13.3 DW4|1,2,3,4,5,6,7,8,4053 36.1 911 13.3
DWs5 400 33622 16096115 53Y DW4|2,3,4,5,6,7,8,9,1328 54.11190 49.6
| DW4|9,8,7,6,5,4,3,2/1328 53.01311 84.5

Table 3. Comparison of GAP-SBDS and symmetry breaking constragntiriding all graceful
labellings of double-wheel graphs.

12 constraints are required for the same task. Clearly, GAP-SBDS is\geailih a
large group very efficiently.

Symmetry-breaking constraints are sensitive to the variable ordenirthin Table
3 we also show the effect of changing the variable ordering for giapgh,. We re-
peat the results for the original ordering, and give results for @bettering (found
by trial and error) and for orderings with the central node variable asditast. GAP-
SBDS is much less affected by the variable ordering than the symmetryitgesaia-
straints are. In fact, 2,3,4,5,6,7,8,9,1 is symmetrically equivate®.8,7,6,5,4,3,2,1
(and many other orderings) in GAP-SBDS, and hence the number of backisahks
same, whereas the symmetry-breaking constraints have the effect of difféngrbe-
tween these orderings. It is notable that the worst ordering takes roager with
constraints than with GAP-SBDS. Although a user might be unlikelghoose such a
bad ordering in this case, it is a risk of using constraints to break stmgn@Gentet al.
[8] similarly showed that in their BIBD experiments, the lexicograptrdering con-
straints performed very poorly given the wrong variable and value imglevhereas
GAP-SBDS was much more robust.

7 GAP-SBDD v. GAP-SBDS

As discussed earlier, SBDD and SBDS are related methods which break symmetry
during search. This allows their GAP versions to use a similar intesfadeneans that



our GAP code which extends GAP-SBDS to make it easier to specify the symnm
group can also be used by GAP-SBDD. We have used the graceful graphenpsaii
Table 1 to compare GAP-SBDS and GAP-SBDD: the results are shown ie Zab

Clearly, on these problems GAP-SBDD is performing very poorly ingarison to
GAP-SBDS. Detailed examination of the respective search trees has showighsit
because the search variables of the CSP are the node variables, whereas tlagiedge v
ables cause most constraint propagation. In GAP-SBDD, GAP returna hsolean
to indicate whether the current node is dominated or not, and possiky af val-
ues to prune from the domains of specified search variables. This sucgebséalks
the symmetry and prunes the search tree, but it does not provide anyaifon that
can propagate to the non-search variables, in this case the edge variables.afhet
hand, GAP-SBDS posts constraints on backtracking, in order to brealythmetry,
and these can propagate in the same way as any other constraint.

The fact that GAP returns limited information to ERS allows GAP-SBDD to
solve much larger problems than GAP-SBDS, as found by @tat. in their BIBDs
experiments [9]. However, our results have shown the disadvanfatigsaeduced
communication. It is not unusual for CP modellers to develop CSkstliils, where
only some of the variables are used for search, but constraint propagegiothe full
set of variables is crucial to solving the problem quickly. Hence, the fadt@AP-
SBDD performs badly on such a model is an important finding.

K3 x P K4 x P» Ks X P
GAP-SBDYGAP-SBDOGAP-SBDSGAP-SBDD GAP-SBDSFGAP-SBDD
StrategyBT sec|BT sec| BT sec| BT sec| BT sec BT sec

A 9 0.54 22 0.69165 8.3 496 20.64390 38217977 1310
B 16 0.59 50 1.33369 14.31276 53.69889 79351623 3910
C 16 0.58 24 0.63369 14.1 473 16.$9889 78311710 859

Table 4. Comparison of different levels of symmetry breaking usifgfGSBDS or GAP-SBDD
for finding all graceful labellings oK, x Ps.

8 Conclusions

We have carried out an experimental comparison of a number of symmetaiibg
techniques on graceful graph problems. These problems allow us to clrapbs gith
different symmetry. The symmetry of the graph also combines with theptament
symmetry, which doubles the size of the symmetry group.
We have compared three techniques which break symmetry during search, namely

SBDS, GAP-SBDS and GAP-SBDD. We extended GAP-SBDS to simgidyinput

of the symmetry group: this extension can be used for any other prablesnich the
symmetries affect just the variables (as the graph symmetries do) or @¢hwbme
symmetries affect the variables and some the values (like the complemeantsyes).

Itis also useful for GAP-SBDD.



In comparing SBDS and GAP-SBDS, our experiments withRhe x P, graceful
graph problems have confirmed that increasing numbers of symmetriasstesdtfect
the speed of SBDS. If the symmetry group is small enough (in one ca3edrpents),
SBDS is faster than GAP-SBDS. However, since GAP-SBDS is slowemaii prob-
lems, but still acceptable, whereas SBDS is unusable on large problemsSBBS is
the better general choice, from the point of view of performance.

We have also compared GAP-SBDS with adding constraints to the CSihtoagk
symmetry. For these problems, if simple symmetry-breaking constrean be devised
to eliminate all the symmetry in a problem, they are faster than GAPSSBDwever,
if there is a choice between breaking some of the symmetry using constairreak-
ing all of it using GAP-SBDS, then GAP-SBDS does less search and rues. fakis
may be generally true when the constraints break at most half of the syyaein
the problems considered here. GAP-SBDS has the additional advantagegfifei
dependent of the search order; symmetry constraints are based on the assoifrgt
particular search order and deviating from that order can delay findingauduti

Finally, we have compared GAP-SBDS and GAP-SBDD. The limited pres/ex-
perience of comparing these techniques suggested that GAP-SBDD can hantle mu
larger symmetry groups than GAP-SBDS. However, we have shown that&BDD
is much worse than GAP-SBDS at solving the graceful graphs problemgadéd its
difficulty to a feature of the CSP model: much of the constraint propagatvolves
non-search variables. Since this feature occurs quite frequently in tRaer@8els de-
veloped by expert modellers, it is a significant drawback to GAP-SBDD.

For these graceful graphs CSPs, the most successful symmetry-bregkingjues
are GAP-SBDS and symmetry constraints. Where all the symmetry, ingltite com-
plement symmetry, can be broken by simple constraints added to the SR, the
best approach to solving these problems. However, for many graphsithisot be
possible, and then GAP-SBDS is the better choice.

With all of these symmetry-breaking methods, more user support isddeafore
they can be considered easy to use. GAP-SBDS and GAP-SBDD require same bas
group theory, while deriving constraints to break symmetry ofteniregskill and
experience. Writing symmetry functions for SBDS can be time-consumnitigss there
is some way of automating the process; if based on GAP, this again regoimes
group theory. If the number of symmetry functions is small enoughvgver, they can
be written by hand and this possibly requires less skill than the attethods. An
underlying difficulty is that of identifying the symmetry of thegilem: without this,
symmetry breaking is clearly impossible. We plan to investigate autonsgtachetry
detection in future; in principle, if symmetry detection can be automatethsacan
symmetry breaking, and we plan to link it with GAP-SBDS and GAP-SBDD

With good symmetry breaking, constraint programming is a valuableoo find-
ing all graceful labellings of symmetric graphs or proving that theyraxtegraceful.
This investigation has produced several new results on graceful graghthase for
K,, x P, graphs are included in the latest version of Gallian’s survey [5].
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