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Abstract patiences or variants of old ones, for example verifying that a
patience is winnable a reasonable percentage of the time.

We propose card games for one player as a valuable The variety of patiences is likely to lead to a toolbox of
domain for studying search problems. They are a  techniques being required instead of a single one. For exam-
natural Al problem, as they are a widely enjoyed ple, some games reveal all cards at the start and are open to
recreation for which solving techniques are gener-  analysis, while others enforce moves to be made with many
ally not studied. We focus on a particular patience,  cards remaining hidden. In other games, in an initial phase
called Black Hole. We show that a general version  cards are placed before a final analytical stage where the cards
of it is NP-complete. Then we show that we can placed in the first phase are played to a win (or not.) Such dif-
fruitfully study a number of mature Al paradigms ferent games are likely to be tackled in different ways.
applied to this single problem. An important fea- In this paper we show the value of a patiences as a bench-

ture of Black Hole is the presence of symmetries  mark problem with a case study of the game Black Hole. We
which arise during the search process, and we show  solve it using a variety of different Al paradigms, namely
that tacking these can improve search dramatically. planning, constraint programming, SAT, mixed integer pro-
Our empirical evaluation shows that Black Hole is gramming, and a special-purpose solver. We thus compare
winnable approximately 87% of the time. the advantages and disadvantages with respect to each other,
while also being able to see the important features in each
) method. Black Hole is particularly appropriate for such a case
1 Introduction study. It gives perfect information to the player at the start.

We propose patience games — card games for one player alEye"y successful game involves exactly 52 moves, making
known as “solitaire” — as a fruitful domain for studying search 't €8Sy 0 apply techniques such as constraint programming

problems. These games are a natural Artificial Intelligencd® it: AS we show here, a natural generalisation of it is NP-
problem, since they are a recreation many people enjoy, biomPlete and therefore we do not expect any shortcuts to be
for which solving techniques are generally not studied. Theré&/IScovered to allow trivial solving in general. Finally, we re-
are hundreds of different patiences,with many more variant ort that on the problem of human interest, i.e. with 52 cards,
derived by changing the number of piles or other featureso!ack Hole provides a challenge for all our methods.
The varied nature of these patiences will lead to different ap- Ve find some paradigms more effective than others in this
proaches being needed, and this study should help us explop@Per, but absolutely do not claim this shows the more suc-
the range of validity of different Al techniques. In particu- c_essful_ technlques_are better, even for Black I_—Iole. our (rela-
lar, as we show here, we can study a variety of mature AfVe) failures may simply be due to a lack of skill and ingenu-
paradigms applied to a single problem. A particular benefifty On our part. Instead, we intend our analysis to be a useful
to empirical analysis is that the problems of everyday conceriPnditudinal study of a number of Al paradigms on a simple,
are of a shuffled deck and are therefore entirely random. ~ Put not trivial, problem of real interest to people. We em-
There is very little research on patiences: how to solve?Nasise the design decisions in each case and how they relate
them, how to play them, and how winnable they are. The onl(jjo the properties of the solvers _used and the patience itself,
body’of work we know,of is on the game Freecell. Exactlypmpos'”g reasons for the techniques’ success or failure.
one of the 32,000 possible games in the original Window
program is unwinnable. Extensive empirical work has showi Black Hole
that the probability of the game being winnable is roughlyBlack Hole was invented by David Parlett with these rules:
99.999%, and solvers are available for the gdffish, ]. “LayoutPut the Ace of spaces in the middle of the board
Freecell has also been used as a benchmark for Al plannings the base or ‘black hole’. Deal all the other cards face up in
programs[Helmert, 2003. General solvers could be very seventeen fans [i.e. piles] of three, orbiting the black hole.
useful to players to detect insolubility or give hints. Al re- “ObjectTo build the whole pack into a single suite based
search can also feed back by helping design satisfying newn the black hole.



“Play The exposed card of each fan is available for build- 3. Cards with values 1,2,3 anf where 1 and 2 have two
ing. Build in ascending or descending sequence regardless of  suits, and the number of suits of 3 anfl are instance-
suit, going up or down ad lib and changing direction as often dependent. 1,2,3 are used to construct a ‘one-way trap’,
as necessary. Ranking is continuous between Ace and King.”  which a solution may pass through in one direction only.
[Parlett, 198D

The table below shows an instance of the game: the 1%
columns represent thé# in the black hole and the 17 piles
of 3 cards each.

A card can only be played onto the black hole stack if it
adjacent to the card on top the stack. The ordering of card
ranks begins with the start/finish casg, followed by the
cards representing SAT variablesb, ¢, then thec,, andg,,

40 | 7O | 74 | 3G | 54 | T | 64 | I& cards interleaved, followed by the one-way trap cards 1,2,3.
96 | 90 1 0 | 46 | KO | QO | T | TO The ranks f follows 3, as A follows K in an ordinary deck.
AN || 86 [ 50 |20 [ 5% | TO | 3% | 8k | AT The layout of cards is constructed as follows:
Jh | 9O | 7O | 28 | 30| Th | 34 | 6O | 9% 1. For each literal card,, a fan is constructed witf on
Ad | Qa | K& | QU | 50 | K& | 80 | 3 | 20 top, and a copy of; for each clause that is in, smallest
260 | KO | Q&% | 40 | 6% | 60 | AG | 4d | 8O nearest the top. IE is in the final clause, aaf card is
and a solution to this game is: placed at the bottom of the fan.
AR-28-30-45-50-60-T8h-80-OM-Sh-O%-Th-Jh- 2. For each clause cag, there is a fan which has a copy
QU-J0-T&-Jb-QO-K &-Ade-2-30-2¢>-3-40-50- of g; at the bottom, then;, then ag; for each occurrence
6d-7C0-8d-7de-6>-7>-8H-90-TO-9H-TH-IO-Qlb- of ¢; in other fans.
KA-AD-KO-Qéb-K-AG-20-3G-4M-58-60-50 -4 3. Afan consisting of 1,2,3,1,2,3 followed by a 3 for each

Our experimental evidence will show that it has a 87.5% sf card which appears in fans after the first two.
chance of being winnable with perfect play. About 2.9% of As an example, the formula VbV —¢) A (=a VbV —¢) A
games are trivially insoluble, because no 2's or K's are avail—(a vV =bV —c) ma[’as into the following Black Hole instance:
ablelbut of course there are non-trivial ways to be insoluble. '

We mention one general feature of search in Black Hole.

. . . . T F bT bF T F - 1
The first two piles in the example layout both have 9s in the Sl e lalal 1o lalnlel,;
middle. If, at some point in the game, both the¢ 4nd the c3 c2 | sf c2 | g1 | 92 | g3 | 3
70 have been played, the two 9s are interchanggabléded sf j} ;i ;z ;i ;
thatwe don't need to play the#® before the 9 to allow ac- Tl s
cess to the @, or the I before the @ to access the®. That sf 3

is, the 9s are interchangeable if they are both played after both

of their predecessors and before either of their successors. [fefinition 1: The initial part of a solution sequence of a
these circumstances, we can choose the order in which thgiack Hole encoding is any cards which come before the first
two 9s are played and not backtrack on this choice. Such gccurrence of the sequente2, 3.

symmetry, dependent on what happens in search, is called amma 1: The initial part of the solution sequence of a Black
almost symmetrjn Al planning [Fox and Long, 200R or  Hole encoding must contain one of each pair of literal cards.

a conditionalsymmetry in constraint programmiri@entet The deck contains two cards for each SAT variahleT

al., 2004. How to deal with this plays an important role in a gnd.F. The solution starts at the cagg’ and must contain

number of sections to follow. the sequence 1,2,3 twice. Therefore the complete sequence
must look like this:sf, X,1,2,3,sf,Y,1,2,3,... whereX

3 NP-Completeness andY are sequences which contain at least one copy of each

. . of the literal cards. Since the sequence must pass through all
To show that Black Hole is NP-complete, we consider aye jiteral cards twice, there is only one of each valu&in

generalised version where there may be any number of calidyyma 2: If the encoded SAT instance is satisfiable, there is
values, fans can have arbitrary and differing sizes and eacl, e from the initial card to the first occurrence of 1.

card value can have a different number of suits. This version By lemma 1, such a sequence must contain exactly one oc-

can sol\_/e SAT proplems viaa smple encpdmg. , currence of each literal card value. If we take the literal cards
Consider a SAT instance with list of variablesand listof  \ich represent a solution to the encoded SAT instance, then
clause<”. Then the deck to be used is constructed as followsipq tans they were on will contain at least one occurrence of
1. For eachw € V, there are two cards of equal value and gach clause card. There are sufficient available cards to
different suit, denoted” andv ", called literal cards.  form pairs with all these; cards, and the; cards are sorted in
2. For each clause there are (clause size + 1) different suitée fans. Hence there is a route where each; pair occurs.
for the card values; andg;. Thec; are known as clause Lemma 3: If the encoded SAT instance is satisfiable, then
cards, they; as gate cards. there is a solution to the Black Hole encoding
By Lemma 2, it is possible to get from the beginning to
IFor this to happen, the 17 top cards in each fan must be chosdhe first occurrence of 1. The remainder of the solution be-
from 43, i.e. 51 without the 2's or K's(}%) /(31) = 0.0285 . ... gins1,2,3, sf then proceeds through all the remaining literal
2The suit of a card is only given when relevant. cards, then all the remaining, g; pairs in ascending order,



where there is at least one of each left in the non-literal fang(:action PLAY-UP-TOP

Finally any remainings f cards are taken using the fan3sf ‘parameters (?rank ?suit ?hole)
provided for this purpose. :precondition (and (top ?rank ?suit)
Lemma 4: If there is a solution to Black Hole instance gen- (hole ?hole)

(plusone ?hole ?rank)

erated from a SAT instance, the SAT instance is satisfiable. )
(unplayed ?rank ?suit))

If there is a solution to the Black Hole instance then by . .
Lemma 1, the initial part of this solution must contain exactly seffect (and (nOt((l;)Tg)llae)éeq,rgginlf,Saistgj't))
one of the cardeT" or vF for each variablev. These are (not(hole ?hole))

a solution as the fans with these cards must between them (hole ?rank)))
contain at least one occurrencecpfor all 7, else the solution
would be unable to reach the first occurrencé.of
Theorem 1: Black Hole is NP-complete.
Lemmas 3 and 4 show that a SAT instance is satisfiabl

if and only if its Black Hole encoding is satisfiable, hence the same plan object accounting for the variations
the encoding is correct. The encoding is polynomial (in fact For the goal, it suffices to say that the bottom card of each

linear in the number of literals) therefore Black Hole is NP- ; A
hard. Later, we provide a polynomial reduction of Black Hole St2ck must be played, since this implies that all cards above
: ' must also have been played. This gives a total of 17 goal

into SAT, therefore Black Hole is NP-complete. A.Iconditions in the standard game

While this proof has considered encoding a general S : : :
instance, it could of course encode specialisations of SAT, ir% \S/\t/:meSnglr;TEQéid 4W£|t<glf‘t"zloaf]?t§§m2r?'a{géo‘élr%aggng
particular 3-SAT with a maximum of 5 occurrences of each2y3 [Hoff’mann and Nébel 2001 A Ianneé incornoratin
variable, which is itself NP-complete. Encoding this problem?: ’ P P 9

would put a fixed limit on the maximum size of the stacks (to2Lr2%5i;'syr:2r$riest{;§ssg?§_2O;fga':Zglneetrot#;t' Fan::r:tégrvr\]'gL?i's_
8) and the number of suits (to 4). 9 P P 9

tics by relaxing the problem and solves using a Graphplan-
. style algorithm. Preliminary experimentation revealed that,
4 Al Planning Model on this encoding, FF performed by far the better. We com-
In Al planning, an initial state is gradually transformed into a pare FF with other techniques, empirically, in Section 9.

goal state through the application of plan operafditen et

al., 199d. Black Hole can straightforwardly be characterised5 Constraint Programming Model

in this way: the stacks and initial hole card comprise the ini-

tial state, the goal state is that all cards are played, and a moye SOnStraint Programming (CP) is a powerful method for
is to play a card solving difficult combinatorial problems. Problems are char-

The plan objects in our PDDLFox and Long, 200ken- acterised by a set of constraints on a set of decision variables,

coding are simply the ranks (ace—king) and the suits (spade@’,h'Ch solutions must Sat'?fy.’ then sr(])lved by search. f
clubs, diamonds, hearts). Each card is specified by a com; We can represent a solution to the game as a sequence o
bination of rank and suit objects. We take this approach, a ee Sgn%ae“i Irr]etshgnfiﬁ(:kt’hsgaorwgrvi\gtr\}vthr}ghafr?eoéasr%zd\?visli g]:
opposed to a single object per card, to simplify the descriptior? q P 9

of adjacency. The initial, current and goal states are describ ;g?gdc'gt%ér:jilmﬁlcgzof'is-;h'se:?naukt?;i(')tnear‘:’))éltgﬂﬂﬁ:\ﬂse a
using a number of simple propositionsho(e rank) indi- ’ ' P P

cates the rank of the card currently in the hole — note that it i tal, 2g04: if the cardfs are numbered O (the ace of spades)
not necessary to know the suit of the hole catthplayed 0 51, the sequence of cards can be represented as a permu-
rank sui) and played rank sui) are self-explanatory. We tation of these numbers. So we can have two sets of dual

use both because some planners do not accept negated p\@[iables;mi represents théth position in the sequence, and

conditions and/or goalstdp rank suij indicates that a par- |~ Value represents a carg; represents a card and its value
ticular card is at the top of a stack in titial state. Sim- is the position in the sequence where that card occurs. We

: ; AR ; have the usual channelling constraints: = j iff y; = ¢
ilarly, (under rank; suit; ranky suity) indicates that, in the C oy ; . J
initial state, the card denoted bgnk; suit; is underneath that 0 < i,j < 51, efficiently implemented via the specialised

. . “inverse” constraint. We set; = 0.
ggggﬁiﬁ(ﬁin%r}s&gﬁéaﬁzgﬁr € ;ﬁgu?lfdz\g ;lrfr:’éhs ;XE na The constraints that a card cannot be played before the card

since most Al planners forbid more than one parameter ass(f?‘-bove I, if there is one, has bgen played are representgd by
onstraints on the correspondiggvariables. The constraints

ciated with an operator from being instantiated to the sam%hat each card must be followed by a card whose value is one

plan object. Finally, ilusone  rank; rank;) indicates that higher or one lower are represented by constraints between
rank; is adjacent belowank,. Thirteen such propositions 9 | P y :
x; andz;4q for 0 < ¢ < 51. We use a table constraint for

describe the adjacency of the set of ranks. - N o . :
The decision to usplusone necessitates bothLRy-Up this, i.e. the constraint is specified by a list of allowed pairs
and R.AY-DOWN operators. The simplest case is in playing aof values. _

card that is on top of a stack initially, since there is no need The variablesy,z,, ..., x5, are the search variables: the
to check that the card above has been played. For illustratiowariablesyo, y1, ..., ys1 get assigned by the channelling con-
PLAY-UP-ToPis given below. straints. Ther; variables are assigned in lexicographic order,

The other operators follow the same basic pattern. There are
12 operators in all (6 in either direction). Five of each six deal
gvith playing a card that was not on the top of a stack initially,
with the need to avoid instantiating different parameters with



i.e. the sequence of cards is built up consecutively from start We have &2 x 52 matrix M of variables, wheré/;; is
to finish. This simple model using only binary constraintstrue if cardi is played into the black hole in thé" position.
models the problem successfully, butin practice search is proa/e know in advance that thedis in the first position. The
hibitive. We need other techniques to make search practicalconstraint that each card is played exactly once is represented
We first deal with the conditional symmetry described inby at-least-one and at-most-one clauses. Also, clauses are
Section 2. Recall that in the example thé @nd the @ are  added to ensure that each card is followed by a card whose
interchangeable if both have been played after the cards abovank is one value higher or lower. When a solution is found,
them, the 4 and %, and before the cards immediately be- these variables are used to obtain the solution.
low them, & and 5). To break this conditional symmetry, In addition, a second matrix with the same size establishes
we can add the constraint: i£4< 90 and W < 5 then W the order relations between cards. For establishing the order
< 90. This constraint forces#®to be played before®Qwhen  relations, we use &dder matrix [Gent and Prosser, 2002;
they are interchangeable. Given any ordering of the occurAnsbtegui and Man§, 2004 i.e. a matrix were for each row
rences of each value, all constraints of this form can be addedve must have a sequence of zero or more true assignments,
pairwise, before search. This does not change the solutiorsnd all following variables are assigned false. The first en-
returned if (as we describe below) the same order of occumry to have value false gives the position where the respective
rences is preferred by the value ordering heuristic. The coneard has been played. Observe that the entries in this matrix
straints are simplified if the preferred card of the pair is at theare easily related with the entries in the first matrix. Besides
top of its pile or the other card is at the bottom of its pile, orthe clauses to guarantee that only valid assignments are al-
both. Because the conditional symmetry breaking constraintewed, on this matrix clauses are added to guarantee that a
are designed to respect the value ordering, the solution founchard is played into the black hole only after all the cards above
is the same as the solution that would be found without thét have been played.
constraints. The constraints simply prevent the search from Finally, a thirdladdermatrix is required for applying sym-
exploring subtrees that contain no solution. Hence, the nummetry breaking, where in this matrix the columns contain a
ber of backtracks with the constraints is guaranteed to be ngequence of zero or more true assignments, followed by all
more than without them. Furthermore, they appear to add litvariables being assigned false. Clauses are placed on this ma-
tle overhead in terms of runtime; they cannot become activérix to eliminate conditional symmetries, i.e. search states
until their condition becomes false on backtracking, and theyvhere cards of the same rank are interchangeable. The con-
then become simple precedence constraints that are cheapdisions under which these symmetries arise have already been
propagate. Breaking conditional symmetries can make ordefgescribed for the CP model.
of magnitude difference to the search effort and runtime. One Unlike CP solvers, most SAT solvers do not provide the
instance took 336,321 backtracks and 326s. to solve withowption of specifying a variable or value ordering and therefore
them; when they were added, this was reduced to 252 backhis part of the CP encoding does not transfer to SAT.
tracks and 0.66s. An empirical evaluation of our SAT encoding is in Sec-
Initially, when a variabler; is selected for assignment, we tion 9.
simply selected its values in an arbitrary order (spades first in
rank Qrder, then hearts and soon.) We then changed the Va|L-7€ Integer Programming Model
ordering, so that cards in the top or middle layers are chosen
before cards of the same value lower down in the initial pilesInteger programming (IP) is a powerful tool for solving lin-
This fits with the problem, in that it makes sense to clear offear optimization problems with discrete decision variables. It
the top layer of cards as quickly as possible. This also is conhas been applied successfully to a variety of fixed-length Al
sistent with the conditional symmetry breaking constraintsplanning problems (e.dJeffersoret al, 2003). We present
as long as values in the same layer are considered in the saradinary integer programming model for Black Hole.
order by the heuristic as in the constraints, the same solutions In representing an instance with 17 stacks of 3 cards each,
will be returned first with or without the conditional symme- the top cards are numbered 1 to 17, the middle cards from
try breaking constraints. Since this is a heuristic, it is notl8 to 34, and the bottom cards from 35 to 51. Notation is as
guaranteed to reduce search on each individual instance, biatlows: a; ; denotes a binary decision variable matrix of size
overall, it does reduce search by about an order of magnitudél x 51, in which the cell(z, j) is 1 if the card at position
Our CP model was implemented in ILOG Solver 6, and isis played in movej, otherwise 0y;, a parameter array whose

compared with other approaches in Section 9. ith element denotes the value of the card in position
The model below has two sets of constraints: a card may
6 SAT Model only be played after those above it have been played, and suc-

cessively played cards must differ in value by either 1 or 12.
Satisfiability (SAT) is a technique closely related to CP inEgs. (1)—(3) imply that caréican be played in movgonly if
which the domains of all variables are Boolean and the conthe cards above it have been played. Egs. (4) and (5) guaran-
straints are expressed in conjunctive normal form. Spetee thatonly one card is played in each move, and each card is
cialised solvers achieve large efficiency gains by exploitingplayed only once. Eq. (6) exploits the fact that, at any move,
the simplicity of this specification language. Our SAT modelone can infer infeasible card values for the next 11 moves.
is conceptually similar to the CP model, although additionalConsider Table 1, in which gray cells are feasible card values
variables are needed to achieve the same expressiveness. at the beginning of the game. Table 1 can be generalised to



any move and for any card valug, denotes the set of fea- has been successfully applied to other fixed-length Al plan-
sible card values in movg. In Eq.(6), the first summation ning problems. The lack of a real objective function to pro-
term gives all binary decision variables referring to playingvide a tight linear relaxation is certainly a factor, as well as

card valued in movej. The second includes all, ;.. that
don’t comply with having a card valuedin movej. If any

the fact that the linear encoding of Black Hole requires a very
large number of binary variables and constraints.

of the variables specified in the first summation takes on the
value of 1, then alky, ;.,, in the second must be 0.

g ik 2 Qit17,5+1
k=1,....j

> @ik > airsa e
k=1,...,j

E ik 2 Ait17,5+1
k=1,....j

i=1,.,175=1,...,50

i=1,...,17;5=1,...,49

i=18,...,34;5=2,...,50

(€0

(@)

(©)

8 Special Purpose Solver for Black Hole

The advantage of a special-purpose solver is that, knowing
the properties of the problem, code can be optimised to search
exceptionally fast. The disadvantage is the lack of mature and
deep techniques for search, or the difficulty of adapting and
implementing these techniques for the domain.

The solver is written in Common Lisp. To avoid garbage

S ae=1 i=1,..,51 @  collection, no lists were constructed or discarded after initiali-
k=151 sation at the root of the search tree. The other key design prin-
S ai=1 k=1,...,51 s  ciple was to minimise the amount of work on making moves
=151 and undoing them for backtracking.
S ans+ 3 arjam <1 Essentially we treat cards as pointers into the data struc-
ke(l, .51} ke(ho1) tures. Each card is represented as an array index, so cards are
V=1 v —1 — €S, .
g e i numbered from O teuits x ranks — 1. For each card, we
j=1,..,51, +€S;, m=1,...,min{l1,51 — 5} (6)

construct at the root a static pointer to the card immediately
above it in its pile, or a null pointer if it is on top. A sim-
Black Hole has no objective function, so we employ anple dynamic bitarray indicates whether each card has been

artificial one, based upon a breadth-first strategy. This is beplayed or not atthis point in search, leading to one bit change

= : ; ; on moving forward and backtracking. A card is available if it
cause breadth-fl_rst is expect_ed to yield a feasible solution €355 not been played, but the card above it (if any) has been
lly. One such objective functionisin ), 17 A4l + gy gata structures make this a very cheap test. We simply

> i=1s,...34 1-2[i], whereA is a large constant: penalties for (et all possible cards, of the ranks one above and below the
playing top row cards at a later stage in the game are highepole card, to see if they are available. The list of cards of each
whereas there is no such penalty for bottom row cards. Preank is computed statically at the root. We set up a 2-D array
liminary experimentation confirmed that this objective func-to store available moves at each depth, the dimensions being
tion performed better than any other we considered. depth in search anzix the number of suits. At a new depth
we insert the possible moves into this array. No work in this

\(/;?Li e Mg"%? e — array needs to be done on backtracking, except decrementing
7 the pointer to the current depth.
2 We deal with conditional symmetries as follows. First, we
i distinguish between ‘unit’ cards, i.e. cards at the bottom of a
5 pile or above only cards of the same rank, and other cards that
6 we call ‘general’. A card’s unity or generality is determined
; statically at the root, so lists of general and unit cards are
9 stored at the root. When finding playable cards, we consider
%}0 at most one unit card of each rank, and none at all if there
0 are general cards of that rank. This deals with this limited
K kind of conditional symmetry almost without overhead. Our

] o solver described until now is able to search at almost 100,000
Table 1: Feasible card values for the beginning of the gamepacktracks per second on a 2GHz PC. However, we are prone
to exceptionally hard problems: one winnable instance took
Experiments were performed on a 2GHz PC using llogl,055,774,437 backtracks and 11,701s.
Cplex 9.0. Cplex’'s emphasis indicator was set to “empha- We adapted the solver to deal with general conditional
size feasibility over optimality”. The test suite consisted of symmetry, i.e. when two general cards of the same rank are
30 randomly-generated instances. The solution time was limsimultaneously available. The overheads are now more sub-
ited to 5 hours. In three cases there were no feasible solutionstantial, and we did not find great reductions in search from
which was proven at the root nodes in a few seconds. Of thdealing with conditional symmetry, so overall performance
remaining instances, only 20 were solved in the time limit.was not dramatically improved.
The shortest solution time was 140s (solved at the root node); To conclude, we were able to write a special-purpose solver
the longest was 17000 sec, with 2203 nodes visited. which could search very fast, but its lack of reasoning abilities
These results suggest that IP is not an effective approach toeans that the cost in larger search spaces is not repaid by the
Black Hole. This is somewhat surprising, since, as noted, IR.dded speed per node compared to other methods. Overcom-



ing this problem would improve runtimes but at a substantialO Conclusions

overhead in. programmer time.. Our first contribution has been to understand the game Black
9 Experimental Evaluation Hole, proving it NP-complete in general, and showing that
i . . the original game has a winnability percentage of about 87%.
We have reported f'V.e solvers in this paper. The MIP aP- Next, this has been a case study to compare different mod-
proach and the special purpose solver were not competitivg v chniques using five Al paradigms. We do not wish to
with the others, with many instances taking hours to SOIVesay that one technique is better than another, but make some

This is in no sense is a final conclusion that these approachega%nemI points. The most natural technique for the problem,

are impractical for Black Hole solving, but we restrict their o2 in o™ did have the most natural model with least subtle
empirical evaluation to the brief details reported above. W oints in implementation. Even here, the choice of planner

have performed a much more extensive empirical compariso sed was critical to our success, so one cannot say this is

Of\(l)\;” Al Plannlng, CP’ alndbSATrl])aseI? solvefr;. 00 an easy problem for planning. Also, raw speed is not over-
e constructed a single benchmark set of 2,500 Instanceg,, o\ ming in this domain: the special purpose solver was the

¥&stest solver in terms of backtracks per second, but thrashed

the same results on each instance — excepting a few timeoyjs, ,ch to solve most instances rapidly. Our paper also
described below. Since the instances were randomly genelyves as a case-study of the use of conditional- or almost-

ated instances of the sta_ndarc_llgame with 52 cards, we ¢ ymmetries. These proved essential in the CP solver and,
report on the expected winnability of Black Hole. Atotal of \here it was not available to us (in the planning solver),
2,189 instances were winnable and 311 were not. giving afhignt have hindered our success. Despite the maturity of

87.56% probability of Winpapility. The 95% confidence in- yhege research areas, this illustrates the necessity of constant
terval for the true probability i§86.2%, 88.8%]. reseearch to improve performance.

We were not able to run the three rgmaining_ solvers on thg Finally, we propose that patience games provide a fecund
same machines, but we have normalized runtime results aséfrea for investigation. Many interesting questions of many

they were. We take the CP solver to have a factor of 1. Tqjitterent types can be asked, and answered, to the benefit of
derive the runtime multipliers we ran a single SAT solver oni,q community.
the same set of benchmarks on the three different machines.

We used “siege” as our SAT solvERyan, 2004 since this Feferences
A

llen etal, 1990 J. Allen, J. Hendler, and A. TateReadings in

has randomised features we ran each instance 50 times wi
different seeds, and report the mean value of these. ¢
P Planning Morgan Kaufmann, 1990.

All three solvers were highly effective at solving these m_l[]Ans()tegui and Mang, 2004 C. Anstegui and F. Marg. Map-

stances. Only the FF planner failed to solve all instances i . LA . . : .
. . . ng problems with finite-domain variables into problems with
less than 2,800s CPU time, and it solved all but 46, i.e. more E'O(ﬂe%n variabl\évé. |5ng 20042(')02{. ! into p w

than 98% of instances. Of those it did solve, the longest toolf,:ish] S. Fish. Freecell solver. http:/finyurl.com/4jt7q

only 3 minutes to solve. For CP, the longest time was 1,454y and Long, 2001 M. Fox and D. Long. PddI2.1: An extension
and for SAT the longest mean time was 180.9s. to pddl for expressing temporal planning domains, 2001.

This suggests a rank order of SAT, CP, FF. However, in{Fox and Long, 200R M. Fox and D. Long. Extending the exploita-
vestigating percentiles of behaviour is more interesting. The tion of symmetries in planningAIPS 2002 pages 83-91, 2002.
best median is CP, at only 0.04s, then FF at 0.73 and SAIGent and Prosser, 20p2. P. Gent and P. Prosser. SAT encodings
at 2.2s. While FF continues to be dominated by CP, we see of the stable marriage problem with ties and incomplete lists. In
SAT starting to outperform CP at the higher percentiles. SAT SAT 20022002.
solves 97.5% of instances in 17.0s, compared to 20.8 for CEGentetal, 2003 1. P. Gent, I. McDonald, and B. M. Smith. Con-
and for the highest percentiles the gap widens considerably. ditional symmetry in the all-interval series problem. Fmoc.
Even this hides considerable complexity, as the two solverf SymCon'03pages 55-65, 2003. _
find different instances difficult. There is only a weak cor- [Helmert, 2008 M. Helmert.  Complexity resuilts for standard

relation between the difficulty experienced by SAT and CP gggghmark domains in planningrtif. Intell., 143(2):219-262,

solvers,?" = 0'22', . _IlHnich et al, 2004 B. Hnich, B. M. Smith, and T. Walsh. Models
Despite the different profiles, mean performance of SAT" 4 hermutation and injection problem3AIR 21:357-391, 2004.

and CP solvers is very close, at 3.92s and 4.35s. A pairefljoffmann and Nebel, 2001J. Hoffmann and B. Nebel. The ff
t-test on the two data sets does not reject the null hypothesis planning system: Fast plan generation through heuristic search.

that performance is the same & 0.62.) However, given JAIR, 14:253-302, 2001.

our study of the profiles, it is reasonable to say that our CRJeffersoret al, 2009 C. Jefferson, A. Miguel, I. Miguel, and
solver is usually quicker, while the SAT solver is more robust A. Tarim. Modelling and solving english peg solitair&€om-
at solving all instances in reasonable time. The CP solver puters and Operations Research (in pre2905.

solves 84% of instances in less than 1s, while the SAT solvelKautz and Selman, 199H. Kautz and B. Selman. Unifying SAT-
solvesall instances in a mean of less than 3 minutes and 1s. _ based and graph-based planningPoc. IJCAI-99 1999.

To conclude, we found that while all solvers could S0|ve[ParIe_tt, 198D David Parlett. The Penguin Book of Patienc®en-
Black Hole instances, the SAT and CP solvers were the moi}?faur:nyzégzoll_ Ryan. Efficient algorithms for clause-learning SAT
effectl\_/e and hardly distinguishable. FF was just behind thos solvers. Master's thesis, Simon Fraser University, 2004.
two, with our other two approaches not nearly as successful.



