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Abstract sider evaluation during typechecking, not only at execution time,

We describe the execution EPIGRAM on a stock architecture such &S the expressive power of type dependency derives from a no-
as the G-machine, compiling via a core type theory and a super- tion of equality between types which transcends structural equality.
combinator language. We show, via optimising transformations on Most work on |mp|gmentatlon tephmques for these .Ianguages. has
the core type theory, that unused or duplicated values can be erased¢Us€d on improving compile-time evaluation, while delegating

: ; i afineti -time evaluation to existing technology (for example Cayenne
at run-time. Thus there exists a phase distinction, not between typesrun . .
and values, but between values which are used at compile-time only€Xecutes via LML [Aug98], whileCoQ extracts to OCaml [Let02,

and values which are used at run-time. Through a simple example,coﬁoﬁ])' b v believed si Cardelli |

lookup of a value in a sized vector, we show how our optimisa- 't nas been commonly believed since Cardelli's early pa-
tions remove compile-time only values from terms and, further- per [Car88], continuing to the present day [SH!‘O5]’ that ﬂ.’".Spe.C'
more, how we can use straightforward static analysis with our rich UM type dependency implies the lack of a strict phase distinction

type information to avoid the need for any run-time bounds check betweer! types and values_anq thus prevents the erasure of type
when executing thookup function. abstractions and type applications at run-time. One of the main

technical contributions of this paper, by contrast, is to show that

d . we can, in fact, elucidate a phase distinction — not between types

1. Introduction and values, but between compile-time only values and run-time
This paper describes the compilation techniques we have developedralues. The blurring of the distinction between types and values
for the practical implementation of a dependently typed functional means that the typechecker must do some evaluation at compile-
programming languageEPIGRAM [MMO04, McB04], and sum- time; correspondingly, it means that there are values which exist
marises results obtained in the second author’s PhD thesis [Bra05].only to ensure type correctness. By identifying such values, we can

A distinctive feature oEPIGRAM, by contrast with some other  recover an erasure semantics.
recent proposals for new programming languages, or extensions
to the Hindley-Milner type system, which incorporate various re-
stricted notions of type which can depend on values, is that it 2. EPIGRAM
was designed with what we duhll spectrum type dependency EPIGRAM is a platform for full spectrum dependently typed func-
in mind: values may depend on values, types on values, typestional programming. Itis based on a strongly normalising core type
on types, and values on types. Moreover, this dependency is nottheory withinductive families [Dyb94], together with a sophisti-
“faked” in any way by considering stratification of the type system cated type-directed elaborator from source programs to the type
of the language with run-time value types living in one layer, with theory, affording the programmer a concrete syntax considerably
compile-time copies at a kind layer to assist the typechecker, as for more terse than the type theory itself.
example in McBride'sour de forcein Haskell [McB02].

Type dependency allows the programmer to specify at compile 2.1  Inductive families and function definition in EPIGRAM
time relationships intended to hold between values at run-time —
such relationships may mean one value can be computed from
another, so we might at run-time be able to choose not to store
both. With rich type information, we know more about the possible
inputs and outputs of a program and ought to be able to use this
information to optimise the code generated from that program.

The use of dependent types in programming leads to several
implementation challenges on the one hand, and optimisation op-
portunities on the other. One difficulty is that having blurred the data N x where 0N %
distinction between types and values, it appears less clear how to ) ’ ’
deal with types at run-time. Conversely, it i@cessaryto con-

Inductive families are simultaneously defined collections of alge-
braic data types which can be indexed over values as well as types.
For example, we can define a “lists with length” (or vector) type;
to do this we first declare a type of natural numbers to represent
such lengths, using the natural deduction style notation proposed
in [MMO4]:

Then we may make the following declaration of vectors; note
that ¢ only targets vectors of length zero, amdzs only targets
vectors of length greater than zero:

A:%x n:N
data Vect An : %
where € : Vect AO
. ) ) z : A  xzs : Vect Ak
[copyright notice will appear here] zuxzs : Vect A (sk)
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One advantage of indexing vectors over their length is that any 2.3 Programming with Elimination Operators

type correct function written over a vector automatically satisfies

length invariants specified in the type. For example we can write a

function which looks up a value in the vector without the need for a
bounds check. We begin by defining the family of finite sets, which
we can use to represent bounded numbers:
Finn : %
j : Finn
fsj : Fin(sn)

where 0

Fin (s n)
Reading the typing judgment : Fin n informally as j<n’,
we can see that the family instanE&n n represents the type of

natural numbers bounded above hy The constructors foFin
correspond to an inductive characterisation of¢dheelation:n<sn
for any n, while if j<n, then certainlyj<sn. Furthermore, we
can see thaFin 0 is anemptytype by examining the indices in
the (types of the) constructors fétin; they ensure that it is not
possible to create an elementfoh 0. Finally, and again obviously,
the disjointness of the constructors ensures Hiafsn) contains
one more element thafinn, and thus thaEin(sn) is indeed a type
containing exactly: distinct values.

We can now specify the type of a bounds-dafekup function:

v : VectAn
A

Finn

7
let lookup i v :

The dependencies dfin and Vect give us invariants which
must hold in the definition of the lookup function; the number
represented bymust be no larger than the lengttof the vector, so
there is no possibility of looking outside the bounds of the vector.

When we declare an inductive family such asVect, we give

the constructors which explain how to build objects in that family.
Along with this, the machine generates @limination operator
D-Elim (the type of which we call thelimination rule) and corre-
sponding reductions, which we calschemesThese describe and
implement the allowed reduction and recursion behaviour of terms
in the family. The method for constructing elimination operators is
well documented, in particular by [Dyb94, Luo94, McB00Oa]. For
Vect, we obtain the following operator:

VA:%x.Vn:N.Vv:Vect A n.
VP:Vn:N.Vv:Vect An. x.
Vme: PO (e A).
Vm..:Vk:N.Vz:A. Vrs:Vect A k.

Vih:P kxs.P (sk) (:: Ak x xs).
Pnw
Vect-Elim A 0 (eA)  Pmem. ~ me
Vect-Elim A (s k) (:: Ak z zs) P me m..
~ m. kx zs (Vect-Elim A k zs P mc m..)

Vect-Elim :

The arguments to the elimination operator are itidices (A4
andn here), thetarget (the object being eliminated; here), the
motive (a function which computes the return type of the elimina-
tion; P here) and thenethods(which describe how to achieve the
motive for each constructor form).

Like [McB0Oa] we giver-schemes in pattern matching form.
These functions should not be confused vEithGRAM definitions;
we use the~» arrow to indicate that these are machine generated
t-reduction rules.

For an inductive familyD, as well as the basic elimination

These invariants are verified at compile-time by the typechecker operatorD-Elim, EPIGRAM generates an operat@;Case which

rather than at run time by the run-time system.

2.2 Elaboration
The first stage in the compilation of a programming language is

gives case analysis oD, but no recursion. Although this can
be defined in terms ob-Elim, it is more efficient to implement
D-Casereductions directly.

Other elimination operators are canonically associated with an

translation to a core representation; e.g. Core Haskell [TT01], is a inductive familyD, but as they are not germane to this paper, we

subset of Haskell resembling the polymorphicalculus. The core

language oEPIGRAM is based on a dependently typedtalculus,

similar to Luo’s UTT [Luo94]. We call this core languagd .
Translation toT T is achieved by a series efaboration rules,

simply refer the interested reader for further details to [MMO04].
EPIGRAM programs are implemented at thd level in terms

of these elimination operators. We note in particular that the basic

elimination operatoD-Elim is the only function which has direct

presented in [MMO4]. These rules translate the high level program access t® values. This has important consequences:

into a type theory term, with all of the implicit arguments and
proofs of equalities made explicit. For example, elaboratiovieat
leads to the introduction of the following constants into the context:

Vect : VA:*. Vn:N. %
€ : VA:x. Vect AO
i VA:x VE:N.Vz: A Vzs:Vect A k. Vect A (sk)

Note that the argumentd and k, together with their types,
which are implicit in the original datdeclaration, have been made

explicit here. This is necessary to be able to typecheck these terms

we cannot havel or k as part of the return type if we do not at
some stage quantify over either! Similarly, implicit arguments are
made explicit in the elaborated type flerokup:

lookup : VA:x.Vn:N.Vi:Finn.Vv:Vect An. A

Since these arguments exist only for typechecking, we would
like to remove them from the data structure at run-time. However,

e D-Elim is a total function; by implementing all functions in
terms of D-Elim and prohibiting general recursion, we can
ensure that all functions are total.

¢ SinceD-Elim is the only means we have for inspecting data in
D, we are free to choose any representatiorCfor

It is not essential to prohibit general recursion, but rather a de-
sign choice (see for example the discussion in [AMMO5]). The

salient point is to ensure a distinguished total fragment of the type

1

theory TT. Compile-time values which are definable in this frag-
ment provide strong static guarantees (and maintain decidability of
typechecking), and there are practical benefits for optimisation; in
particular, evaluation order in this fragment is irrelevant. An opti-
miser can also use the knowledge thats not a value to presup-
pose the forms of values.

using a traditional types vs. values phase distinction is insufficient 2-4 Evaluation at compile-time and run-time

— it is unclear where such a distinction lies in a full spectrum By contrast with evaluation in ordinary functional languages,

language. Instead, we observe a phase distinction between valuesompile-time evaluation must operate on open terms (or equiva-
needed at compile-time (for typechecking and successful elabora-lently, go under binders), and its characteristics are quite different
tion) and those genuinely needed at run-timegndk are required to run-time evaluation: while we work hard to ensure good proper-
at compile-time only, and hence can be removed at run-time. In this ties, such as termination (and hence decidability of typechecking),
paper, we describe the techniques required to make this distinction.we have to accept a wider notion of value. There is not space to
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here to elucidate the similarities and contrasts between compile-

time and run-time evaluation iEPIGRAM; the interested reader bo= (type Elmverse)s
is referred to [BraO5] for the complete picture. It suffices to note é E%adrhaé:ti\?e family)
that at run-time, we make extensive use of the follonadgquacy c (constructoy
property ofEPIGRAM: at run-time, a well-typed termin an induc- D-Elim (elimination operator
tive family must reduce to some constructor form. £t (application)
Vot t (function spacg
if Ft:D¥ Az:t.t (abstraction
thenwHNF(t) = c ¢ for somef letz — ¢ : tint (lethbinding
(e : t) (computation type
call (c) t (call a computation
Figure 1. Adequacy ofTT returnt (return from a computation
cu= gzt (computation)

2.5 Defining the lookup function

The lookup function is definednteractively instead of typing -
the whole definition, the programmer indicates how the function Figure 2. The core languagd, T
should be written andEPIGRAM'S elaborator gives appropriate
patterns. This is achieved by means of biyerule, <.

To indicate that the definition dibokup should proceed first
by elimination (primitive recursion) overfollowed by case analy-
sis onw, the programmer supplies the notatien elim i < casev
to the elaborator.

which allow terms to be “labelled” by another term which describes
its meaning. The typing and contraction rules for labelled types are
given in figure 3.

Elaborating such notation employs the techniques first de- CET : %,
scribed in [McBOOb]. The resulting instances kfokup to be THE{I: T : Label
defined arise from the patterns computed frétim-Elim and
Vect-Case FEt: T Return

Tkreturnt : (I : T)

Ht:(l:T)
Theal{lyt : T

lookup ¢ v < elim ¢ < casev
lookup f0 (z:zs) +— ---
lookup (fsj) (x ::zs) +— ---

Call

Note that the elaborator does not give patterns for the empty T+ call (I) (returnt) ~ ¢t p-contraction

vector; this is because in a type correct application, this case cannot

happen and so there is no need to write code for it. Correspondingly,

ithi_s reasonable to expect that there will be no code generated for Figure 3. Typing and contraction rules for labelled types
this case.

The programmer, having employed a more sophisticated type  Epjgram programs are defined interactively, with metavari-
to specifylookup, and exploited the power @&PIGRAM's elab- ables standing for parts of programs which have not yet been writ-
orator, may now finish the definition dbokup by retuming the e, and their type. Labelled types allow the types of metavariables
head of the vector in thé case, while making a recursive call in 5 pe more informative; the system implicitly inserts a label into
thefs case. This leaves the completed, typecheckable definition asine return type of a function. Inserting the label into the type of
follows: lookup gives:

et f:iFinn v : Vectdn lookup : VA:%.Vn:N.Vi:Finn.Vv:Vect A n.
- lookupiv : A (lookup Aniv : A)
lookup ¢ v < elim ¢ < casev
lookup f0 (z:zs) — z
lookup (fsj) (z :: zs) +— lookup j xs

We can readlookup Aniv : A)as ‘lookup Aniv
with type A is computable”. The elaborated definitionlebbkup,
being defined in terms of the elimination operakan-Elim, will

The challenge in compilingPIGRAM, or indeed any language  contain subexpressions which correspond to computing recursive
with full spectrum type dependency, is to ensure at run-time the calls onlookup in the (:: Ak z zs) case; the use of labelled
safety guarantees predicted by the types, while avoiding as far astypes allows the types of such expressions to be correlated with
possible any additional computational overhead arising from the the corresponding recursive cdlbokup A k j zs. Labels thus

elaboration of such terse high-level source programs. provide useful annotation for the programmer, as to the allowable
recursive calls of functions, and for the compiler: at run-time we
3. Compiling EPIGRAM Programs can dispense with the explicit guarantee of terminating recursion

obtained via some higher- order elimination operator, in favour of
making a direct recursive call, derived from the appropriate label.
TT is based on Luo’s UTT with definitions, inductive families and Elaborated programs are marked up with these labelled types
equality. The syntax of T is shown in figure 2. There is aninfinite  and include proofs of equational contraints which explain the pat-
hierarchy of predicative universes, : *;+1. Universe levels can tern matching behaviour of the high level program. In this sense,

3.1 The Core Languagel T

be left implicit and inferred by the machine, as in [HP91]. we can think of the core type theory not so much as a primitive
The type inference rules fof T are given in Appendix A. programming language, but as a language for explaining why the
We note in particular the presence labelled types introduced EPIGRAM programs work. Rather than compiling the core code di-

in [MMO04]. Labelled types are an extension to the core type theory rectly, we ought to be able to use these detailed explanations to
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generate efficient code. Figure 4 shows the elabodateRup, in- used in GHC, but it is not an essential featureEBfiGRAM, TT

cluding the labelled types and proofs of equational constraints. Let or evenRunTT that the G-machine is used as a back end, nor is it

us consider how a five approach to compiling this might proceed. essential to any of the optimisations we will present later. However,
The equational constraints which explain why ¢hease cannot itis interesting to note that a traditional G-machine architecture can

happen at run-time result in a much larger program than the high be used as a back end with only a minor modification, being the

level program might suggest. These constraints are necessary iraddition of a single heap node to stand for all types.

the core code — it is these constraints which allow the program to

typecheck in the first place — but we should expect not to have to 3.3.1 Compiling Supercombinators

execute them. Each supercombinator is compiled to a series of abstract machine
. instructions which, when executed, construct an instance of the su-

3.2 The Run-Time LanguageRunTT percombinator body. Full details of this compilation are presented
Compilation of TT to abstract machine code consists of two high in [Bra05]; here we simply note that we add a single graph node to
level steps; first we translate to an intermediate representationthe traditional presentation (see for example [Joh84]):
RunTT, then fromRunTT to abstract machine codBunTT is ) ) ] )
alanguage of supercombinators, i.e. higher order functions with no ® TYPE, into which all types are compiled. As there is no
free variables. Each supercombinator sequence is then compiled to ~ ¢asetypeconstruct or equivalent form of universe elimination,
a code sequence which, when executed, builds the supercombinator ~ there is no way to eliminate on types so distinguishing between
body. them in the evaluation graph would serve no purpose.

The syntax oRunTT is presented in figure 5. The main features

which distinguishRunTT from the core language are: Correspondingly, we add an instruction:

¢ )\ bindings appear only at the top level of terms; there are no * MKTYPE, which creates a reference to the graptPE.

innerAs and no free_var!ables.. _ These are the only significant modifications we have made to the
e All constructor applications (including type constructors) are traditional presentation of the G-machine. There is only BW@E

fully applied. node; all references to it are shared. We could, however, imagine

e There is a caseonstruct — inTT case analysis is performed  further extending the machine so that it did allow elimination over
by elimination rules; definition of elimination rules RunTT types, by adding heap nodes for representing type constructors; do-
is via this caseonstruct, which arise by compilation of the ing so may help with the implementation of polymorphic functions
schemes.. as in [HM95].

. . . . ) EPIGRAM and TT have no means of examining types, which
Type information, although it is not executable, is retained as a syggests that all types can be erased. It is not completely clear that
potential aid to optimisation; we will generally suppress the type thjs is the case however; whether it is possible depends to some
label on s since at this stage such labels serve no computational extent on the implementation of universes, for example. In this

purpose. ndive implementation, therefore, we do not remove types. Later, in
the optimised compilation path, we will see methods for removing
st= MNi: % e (supercombinator types which can be shown never to be examined.
¢ _| ;Z Eg/(?fn?jf\gﬁzi@ 3.3.2 Variabl_e arity: types which appear to depend on values
| f (global name at run-time
| D(€) (type constructor application One issue we should additionally consider when implementing a
| c(&) (constructor application compiler for a dependently typed language is how to deal with
| ee (function applicatiof functions of varying arity. Consider the following definition of a
| Vz:e.e (function spacg variadic addition function:
| leta: e — eine (letbinding
| casee of alt (case expressign let adder%};plzl pra—
alt == c(T) ~ e (case alternative '

adderType n <«<elimn
adderType 0 +— N
adderType (sk) — Vn:N.adderType k

Figure 5. The supercombinator languadnTT

n,a : N
Translating function definitions t&RunTT is by means of let adder n a : adderTypen
lambda lifting; we omit the details, which are standard [PL91]. adder n o <=elimn
We make sure all data and type constructors are fully applied, by adder 0 a¢ — a
n-expansion. We can translate pattern matching elimination rules adder (sk) a +— An:N.adder k (plus a n)

into a compilable form in a straightforward manner, since we know . ) .
in advance that we can make the necessary case distinction on the The arity ofadder depends on the input; the number of
target of the elimination rule; for eachscheme, the pattern inthe ~ arguments expectedis+- 1. At run-time it is often helpful to know

target argument’s position is a different constructor form. the arity of a supercombinator to check whether it is fully applied.
Do dependent types cause some difficulty here? The lambda lifted
3.3 Abstract Machine Code version ofadder in RunTT is as follows (eliding the argument

We have based the abstract machine on the G-machine, since ifypes):

is a standard, well-understood and well-documented approach for  adder — An.N-Elim n adder1 adder2 adder3
implementing run-time systems for lazy languages [Joh84]. We  adderl — Am.Vz:N(). adderType m

may later consider a more sophisticated implementation based on, adder2 — Ma. a

for example, the Spineless Tagless G-machine [Pey92, MP04] as  adder3 — Mk;ih; a; n. ih (plus a n)
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dMotive : Vn:N. x
dMotive — An:N.N-Casen (Vn:N. x) False (Ak:N. True)

discriminate : Vn:N.Vp:sn = 0. False
discriminate — An:N.Ap:sn = 0.
= -elimN (s n) p dMotive ()
fzCase : VA:x.Vn,k:N.Vu:Vect Ak.Vp:(sn) = k. (lookup Ak (f0k)v : A)
fzCase — AA:%. An,k:N. Av:Vect Ak. Ap:(sn) = k.
(Vect-Casek v (Ak:N. Av':Vect Ak.Vp:(sn = k). (lookup Ak (fOk) v : A))
(Ap:(sn = 0). False-Elim (lookup A k (f0 k) (¢ A) : A) (discriminate n p))
(Me:N. da:AXv':Vect Ak. Ap:(sn = sk).returna)) p
fsCase : VA:%. Vn,k:N.Vi:Finn.Vi':Fink.Vv:Vect Ak.
Vih:Vv':Vect A n. (lookup Aniv' : A).Vp:(sn) = k.
(lookup Ak i v : A)
fsCase — AA:x. An,k:N.Vi:Finn. \i’:Fin k. Av:Vect A k.
Xih:Vv':Vect An. lookup Aniv' : A). Ap:(sn) = k.
(Vect-Casek v (Ak:N. Av':Vect A k. Vi':Fink.Vp:(sn = k). (lookup Ak i v : A))
(Ai":Fin0. Ap:(sn = 0). False-Elim (lookup A ki’ (¢ A) : A) (discriminate n p))
(Me:N. Xa:A. dv:Vect Ak.Xi':Fin(sk). Ap:(sn = sk).
call (lookup A n i v) ih (= -elim (S_inj n k p) (An:N. Vect A n)) v)) i’ p
lookup : VA:x.VYn:N.Vi:Finn.Vv:Vect An. (lookup Aniv : A)
lookup —  AA:x. An:N. Xi:Fin n.
Fin-Elim n i (An’:N. X\é’:Fin n’. Vv:Vect An’. (lookup A n’ i' v : A))
(An:N. Av:Vect A (s n). fzCase A n (sn) v (refl (s n)))
(An:N. Xi’:Fin n. Aih:Vv': Vect A n. (lookup An ' v' : A).
Av:Vect A (sn).fsCase An (sn)i’ (fsni') v (refl (s n)))

Figure 4. Elaboration olookup

Conveniently, due to lambda lifting, each of these supercombi- proofs but toany inductive type family which witnesses some
nators are of known arity, as -Elim which is called byadder. computationally irrelevant property.
What happens is thatdder returns a function if gives £, or a Dead Code In Impossible Casedhe machinery required to prove
constructor if giver0. We can get the arity of a supercombinator that the empty vector casesliaokup are impossible is quite
simply by counting the variables bound by the complex and leaves a lot of computationally redundant informa-

tion in the term. It is reasonable, however, for the programmer

3.3.3 Run-Time Considerations to expect a target machine version lofokup which imple-
While we can certainly implemerPIGRAM using standard tech- ments the high level analysis directly.
nigues with minor modifications, this e approach ignores cer- . . . .
tain features off T which make the resulting code potentially large How might we compileTT terms to take these considerations

and inefficient. The type safety, totality and provability of terms in N0 account? The following sections describe static analyses on
EPIGRAM relies on adding extra information to terms in the lan- 11 Which address these issues.

guage which would not be present in a simply typed language;

particularly worrying is the machinery required to eliminate im- 4, Optimising TT Terms

possible cases, as we see in the vettaskup example. Some

overheads which we ought to pay close attention to in the design of fThg eIimingtiog ope.ratﬁID-.Egm i; thfe b".iSiC rl?ear;‘ﬁT pfrovides
an optimised run-time system fafT are: or inspecting data in the inductive family. Therefore if we op-

timise D-Elim’s reduction behaviour, we optimise the programs
Invariants of Inductive Families As we noted in section 2.2, im-  Which elaborate in terms of it. Moreover, if any data in the rep-

plicit arguments in the datdeclaration are made explicit AT . resentation oD’s elements is not needed Hy-Elim, thenitis
In a ndve implementation, these values are stored on the heap neverneeded at run-time and can be erased from the representation
along with the rest of the structure. An efficient implementa- — ©nly the elimination operator has direct access to the arguments
tion must consider methods for removing implicit information, ©Of D'S constructors. In this section, based on work presented in
whether it be inferable at run-time (like the length o¥/act) [BM.MO4, Bra05], we give a method for removing redundant infor-
or simply not used (like the element type). Since implicit infor- Mation from data structures.

mation is implicit exactly because it#plicatedin some other For the case of th¥ect family, recall that the-schemes are as

part of the term this amounts to removing subterms whose val- follows:

ues are already known. . . . Vect-Elim A 0 (¢ A) Pom.m, ~ m
Proofs Dependently typed functional programs typically include Vect-Elim A (sk) (:: A k z 2s) P mc m..

proofs of equations both as additional checks on invariants and ~ m. kz xs (Vect-Elim A k zs P me m..)

in order to assist the type checker. At run-time, however, they

have served their purpose and have no computational meaning We can make two observations about this pattern matching
so can safely be removed. This does not just apply to equality definition:
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1. There are repeated arguments on the left hand side. Théat is,
appears twice in the firgstscheme, andl and .k appear twice
in the second scheme. What are the semantics of such defini-

MATCH( z ,t) = t/z
MATCH(c 7 ,t) == MATCHES(7, )

tions? This appears to require non-linear pattern matching — , TF WHNF(#) = ¢ f andc = ¢’

in Haskell this would be illegal; here we might expect to have MATCH( [t'] ;) == 1D

to do a run-time conversion check to make sure that arguments ~ MATCH([c] §, 1) = MATCHESjﬁ, f)

with the same name really are convertible. However, an impor- if WHNF(t) =t

tant property of elimination operators is that if the application MATCHES( nil , nil) = 1D

is well-typed such a conversion chedannotfail at run-time. MATCHES(p 7, t ) == MATCH(p, t) o MATCHES(Z, 1)

This property is applied in the Plastic proof assistant to avoid
checking of repeated arguments [CL99] and has important con-
sequences; effectively it tells us that dveimplementation of Figure 7. Pattern matching semantics
Vect-Elim is passed duplicate information — surely we can
erase all but one instance of each repeated argument?

2. The form of one argument can tell us something about other
arguments. In the case Wkct-Elim, for example, if the target
is headed by, we know that the length index must be— no
other value would be well-typed, so there is no need to deal with ® The implementation must beell-defined Well-definedness
those cases. Indeed, we can see this as a more general instance states that in a set afschemes, there iexactly onescheme

substitutionso, then applying those substitutions to the un-
marked patterns|p;|, yields the original argument sequence
[

of observation (1). which matches when the operator is fully applied and the target
is constructor headed; the elimination operator is implemented
4.1 Presupposed Arguments in Pattern Matching by a total function with non-overlapping patterns.
We write a set of-schemes in pattern matching style with a fixed Well-definedness preserves totality, and respectfulness ensures
arity, that reduction correctly implements thheschemes. Respectfulness
D-Elim 75; ~ e also preserves subject reduction.

In the standard implementation of an operatoD-Elim, eval-
uation proceeds by inspecting the target of the elimination and ig-
tnoring the indices — the indices are presupposed given the target,
the compilation, with parts of patterns which aresupposedo since the indices are computed by the arguments of the constructor.

match marked by:]. This pattern syntax is presented in figure 6. FOrD : Vi:1. x, with typical constructor

The marking of a patterfx] indicates that in avell-typedpattern, c:Va:A.Vd:Dr. ...Vd;:D7;.D35, _ )

= may bepresupposetb match, without checking. Such markings ~ our typical.-scheme has the following standard implementation:
are made using the observations above, (1) that only one occurrence ; oy 4 N P Pz

of a repeated argument need be matched, and (2) that we can Fortypicalc : Va:A.Vdi:D7....Vd;:D 7. DS

where eachp; has the given arityp;; is a pattern ande; is a
term overp;’s pattern variables. The rule set is then compiled
into an efficient case-expression. We annotate the patterns to direc

tell the form of some terms by matching on other arguments. We D-Elim [§] (cag) P m ~ o .
also mark terms which are not in constructor form, since it is not me @ j (D-Elim 7 yy P ) ... (D-Elim 7 y; P i)
possible to determine from f = for arbitrary f. Such terms can The standard implementation is well-defined — we have exactly

also be presupposed to match by the fact that the application of thegne scheme explicitly matching each Bfs constructors — and

elimination operator must be well typed. We define an operation respectful, by inversion of the typing rules. For example, figure 8

|p| which strips these presupposition marks from a pattern. shows the standard implementation\tdct-Elim; the parameter
type A and the length may be presupposed.

pu= (pattern variablg _
| cp (constructor pattem Vect-Elim [A] [0] (e A) P mem. ~ me
| [t] (presupposed term Vect-Elim [A] [s k] (:: A k a v) P me m..
| [c] P (presupposed constructor pattern ~ m.. kav(Vect-Elim Ak v P me m..)
Figure 6. Pattern Syntax Figure 8. Standard implementation &ect-Elim

The meta-operatiomaTcH (figure 7) specifies when a pattern _In the case of vectors, alternative implementation_s are poss_ible
and term yield anatching substitution (MATCHES lifts MATCH which remain well-defined and r.espect.ful..We may elther examine
to argument sequences by composing the substitution built from the c_onstructor_o_f the vector, asin the firstimplementation in f_|gure
the first argument with the substitutions built from the rest of the 9 Or instead privilege index length over vector contents, as in the
arguments). second |m_plementat|or_1. _ _

The first two lines ofvATCH test constructors and bind pat- These implementations suggest two alternative representations
tern variables as is usual in implementations of pattern matching Of vectors; the first suggests a representation of a list along with
[Aug85, Pey87]. The remaining two lines, however, presuppose the its Iength, the second suggests a Cayenne style representation of
successful outcome of testing. length with iterated projection from a tuple [Aug98].

To be an acceptable implementation of an elimination operator, 4 5 g 1T

we require the following two properties: B ]
The presupposition of arguments in patterns means that those ar-

e The implementation must beespectful of well-typed in- guments are not needed by the elimination operator. Since only the
stances. This condition states that if a set of patterns with pre- elimination operator has direct access to the target, this leads nat-
supposition marks matches an argument sequéngelding urally to space optimisations where we do not merely “comment
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€ Me M. ~> Mg eth argument of a constructans forceable
A P Theith arg f is f bl
k] a v) P me m. if Fcd, cb : Dgimplies - a; >~ b;

v) P me m, Figure 11. Forceable arguments

ure 12. The general case of the forcing optimisation is detailed in
[BMMO04] and given for reference in Appendix B.

Figure 9. Alternative implementations dfect-Elim

el = M. e{4}
out” unnecessary data from patterns — we delete them entirely ] = X;kja;v. {4 {k}av
from the representation of datatyp&TT is an extension of T .
which augments the syntax witharked terms {f} and its oper- Vect-Elim A [0] (i)  Pmem; ~ me
ational semantics with corresponding marked patterns (figure 10). Vect-Elim A ([s] k) (:: {A} {k} a v) P me ms.
The intention of marked terms and patterns is to exploit the fact ~ m kav (Vect-Elim Ak v P me m..)
that, as shown in the previous section, we do not need to examine
all of the left hand side of an elimination operator in orderto
reduce. Marked patterns match only marked arguments, and yield
the identity substitution.

Figure 12. Forcing forVect

Note in theVect-Elim operator that the constructor ta@ands
are presupposed (but not marked for deletion) to indicate that they

pu= ... are not inspected.
| {4 (marked term In the transformation fronExTT to RunTT, the deleted argu-
| {7 (marked constructor patteyn ments really are removed from the fully applied constructors. This
P is safe because these terms are only decomposeéddtyElim,
o {t} (marked terr the new implementation of which does not expect the deleted argu-
| V{z:t}.t (marked functioh ments.
MATCH ({p}, {t}) = ID 4.4 Detagging — Eliding Redundant Constructor Tags

In the second alternative implementation\édct-Elim in figure
9, case selection is by analysis of the length index rather than the
Figure 10. Extensions tol' T in ExTT target itself.
If we have two constructor headed termsi,c’ b in a type
We define forgetful mapping operation$ which remove the D 5, and the constructor choice is uniquely determined by (or

deletion marks fronExTT patterns and terms, giving®T term; forced by) the indice$, such thatt = ¢’ we say that the family
|p| removes the deletion marks from patterns gndremoves D is detaggable (figure 13) i.e. givens, we can tell what the
deletion marks from terms. constructor tag must bé/ect is detaggable because the length

We will consider a variety of optimisations of inductive families  index determines whether the constructar (i the length index is
and their elimination operators. Optimisations are defined by map- 0) or :: (if the length index is k).
pings fromTT to ExTT — an optimisation for a family is given
by: . .
y A family D is detaggable

¢ A substitution[-] from each constructor of the family to an if Fcd@,c b : DSimpliesc=c¢
ExTT term.

¢ An optimised:-scheme for each constructor of the family.

Figure 13. Detaggable families
4.3 Forcing — Eliding Redundant Constructor Arguments
The first alternative implementation wct-Elim in figure 9 above The detagging optimisation subsumes the forcing optimisation,
matchesA and in the indices rather than the target. In general and additionally marks contructor tags for deletion. The results of

when can we comment out an argument of a constructor, asewith 2PPIYing the detagging optimisation Wect are shown in figure
and:: in this implementation? 14, and the general scheme detailed in [BMMO04] and given in

If we have two constructor headed termsg, c b in the Appendix B.
same typeD s and the value of théth argument ot is uniquely
determined by (or forced by) the indic&ssuch thata; ~ b;, we [e] = M. {g{4
say that theth argument ot is forceable(figure 11). For example, [:] = XMikav{3{A&{av

the A argument tc is forceable since if a, e b : Vect A 0then
clearlya ~ b ~ A; no other value would be well typed. For A
andk are forceable in the same way.

Looking at the marking of the alternative implementation we
take the presupposition marks in the target and mark those argu-
ments for deletion. We have called this tfoecing optimisation; - -
it relies on theuniquenes®f presupposed arguments. The results Figure 14. Detagging forVect
of applying the forcing optimisation t&ect are shown in fig-

Vect-Elim A 0 g 4 P mem.. ~ me
Vect-Elim A (s k) ({:} {4} {k} a v) P me m..
~ m. k av(Vect-Elim Ak v P me m..)
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4.5 Collapsing Content Free Families of the recursive call and secondly it is passed to the methed

We might think thajp can also be elided — ultimately it can only be

examined directly by<-Elim which, by induction, can be shown

neverto examine it (since the target is not examined at all in the

base case, and the recursive argument is passed as the target to each

recursive call).

A family D is collapsible At run-time, always reducing in the empty context, we never

if Fz,y : DSimpliestkz ~y need to check that the recursive argumgns$ canonical because

the adequacy property tells us that it must be. Hence, at run-

time, we no longer need to store the recursive argument — the
Figure 15. Collapsible families entire family collapses. This optimisation is given in figure 18, and

the general scheme again detailed in [BMMO04] and presented in
A central example is the heterogeneous definition of equality Appendix B.

(figure 16), which is built in to the type theory and used in the equa-

tional constraints generated by the elaborator. Applying the detag-

ging optimisation to this structure yields an elimination operator [1e0] = My. ({0 })

which does not examine the the target at all. This is not surprising [eS] = Az;y;p. ({eSz y p})

— we know that any value of type = z must berefl z, and not <-Elim 0 y {0yl P 1o mies ~ Moy

L. At run-time, we can exploit the adequacy propertyTaf and <-Elim (s z) (s y) §eS = y p} P mIeO mIeS ©

assume that the target is in canonical form. Thus equality reasoning — > s 7y ({p}) (E-Eliren 2y P} P mieo mes)

can be removed completely at run-time. les LY = Y 1e0 TThes

If we have two termsa, b in a family D 5, and thevaluesof a
and b are determined entirely by, such that there is at most one
canonical element dd 5, then we say is collapsible (figure 15).

a: A b:B A:x a:A Figure 18. Collapsing of<
a=1b: % refla : a = a
= -elim : VA:x.Va:A.Vb: A. Note that({p}) remains an argument to the,.s method, al-
Vz:ia = b.YP:VYp:a = b. x. though after deletion we pass the trivial canonical object; singe
Ve : P (refl Aa). Pz can b_e instantiated by any f_ur_]g:tion of an appropri_ate type we must
=-elimAaa(refl Aa) Pmen ~ men Aa take into account the possibility that it is instantiated by a poly-

morphic function, where it is unknown at compile-time whether an
argument is collapsible or not.

Figure 16. Heterogeneous Equality L .
4.6 Phase Distinctions Revisited
Other kinds of “propositional” information may also be repre- The distinction between compile-time evaluation and run-time
sented in types in such a way that they may be removed completelyevaluation is an important one in a dependently typed program-
at run-time. Consider the less than or equal relation, declared andming language. The purpose of compile-time evaluation is to check
elaborated as follows: the conversion relation during typechecking; i.e. to check that two
terms have a common reduct. This requires strong reduction, re-

data ””’<3/7N ducing under binders. At run-time, however, we perform weak re-
TSy -ox duction, never reducing under a binder. It is therefore reasonable to
where p : z<y consider different optimisations in these two settings; in fact forc-
B leO : 0<y leSp : sz<sy ing and detagging are applicable at compile-time and mark terms
) ] ) which need never be reduced. Collapsing is applicable at run-time
< @ Vz:N.Vy:N o« only.

:eg ; :yNNSS Y- ExTT introduces an extra stage into the compilation process
eS Ve, y:N.Vp:<ay. < (sz)(sy) which identifies the distinction between compile-time only and run-
Note that we use prefix notation fef when it is in elaborated ~ time values, marking those which are required at compile-time only
form, and infix for the higher level notation. Tkefamily describes ~ for deletion. Having marked the terms, they can be deleted entirely
a property of its indices and stores no other data. It is not surprising s part of the supercombinator lifting algorithm. It is during the
therefore to find that much of its content can be deleted. The translation t&ExTT that we identify and apply the phase distinction

detagging optimisation or< (with concretely forced arguments ~ — as inimplementations of simply typed languages, we erase static
also deleted) is given in figure 17. information at run-time, but unlike such languages, we require a
more sophisticated analysis to identify the distinction.

[eO] = Ay. ({leO} {y .
oSl = A0 i 1) 5. ExtendingRunTT

<-Elim 0 y (10} {y}) P muco Mies ~ Mieo Y 5.1 Translating from ExTT to RunTT

<-Elim (s z) (s y) ({leS} {z} {y} ) P mueo mues We modify the supercombinator lifting algorithm to take account

~ Mies Y p (S-EliM 2y p P mieo mies) of the marked terms ifExTT. The translation int&ExTT is an

analysis phase and the actual erasure is applied in the lifting on
RunTT supercombinators. Marked term{g}, are simply omitted
Figure 17. Detagging of< as part of the supercombinator lifting algorithm. By erasing the
same arguments from constructors and patternsschemes, we
Now we are left with only one undeleted argument, the recursive ensure that marked arguments are matched only by marked patterns
pinleS. This argument serves two purposes — firstly it is the target and therefore both can safely be removed.
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We extendRunTT to deal with the markings which arise from
the presuppositions we makelixTT. The extension we make to
RunTT are given in figure 19. These are:

e Argument projectione!i. Where a termt in RunTT is known
to have the fornz(eo, €1, . . . e,), t!i projects theith argument
out of the tuple.

e Untagged constructorg¢), for the representation of detagged
families. caseanalysis on such forms is not allowed; instead,
argument projection is used to retrieve arguments.

¢ Impossible to execute code, Impossibléis exists to mark

code which can never be executed due to the fact that it requires

an instance of an empty type; we will see in section 5.4 how
this is used to optimisBunTT terms.

Ad : €. e (supercombinatgr
.e.!; (argument projection
(&) (untagged constructpr

Impossible (impossible to execute cofle

Figure 19. Extensions t(RunTT

Compiling elimination operators intBunTT is no longer so
straightforward as compilation to_a case the target. In the rige

term call({lookup A k i v) ih says that the use ah represents

a call oflookup A k i v. If that is what it represents, there is no
need for the indirection. Once termination (via a primitive recur-
sive definition) has been established and the term typechecked, we
can replace the appeal to the inductive hypothesis with its actual
meaning. The transformation is simple, and shown in figure 20.

[call(f 5) ()] = call(f5) (f 5

Figure 20. Rewriting a term with labelled type to introduce recur-
sive calls

The effect of this inExTT is that the inductive hypotheses
are no longer used, and henbBeElim can be replaced directly
by D-Case In itself, this does not have a great effect, but when
combined with inlining the effect is amplified, as we shall see.

5.3

The inlining transformation expands function definitions in-place;
instead of calling the function at run-time, we replace the call with
the body of the function at compile-time. We can not always be
certain that inlining is an optimisation; [PM02] details many of the
issues involved.
Inlining is a particularly powerful optimisation technique when

combined with other optimisations. Combined with the unfolding
of elimination operators, inlining ob-Caseleads to a direct pat-

Inlining

approach to compiling elimination operators presented in section ey matching definition of a function. This leads immediately to
3.2 we used case analysis on the target to extract constructor arguthe removal of the elimination operator's motive, which exists to

ments. Having elided some of these owing to their repetition, we

compute the type of an elimination.

need another means of retrieving their values. As a result, we use
argument projection to project subterms out of these terms without 5.4  Avoiding Code Generation in Impossible Cases

checking their form.

An algorithm for transating the optimiseéschemes intRunTT
is given in [Bra05], which takes advantage of the well-definedness
and respectfulness properties of elimination operators. It is an im-

portant feature of dependently typed pattern matching that testing
one argument can tell us the form of another — as we have seen in

lookup — so it is important that the compilation scheme knows
how to deal with this. For example, this algorithm produces the
following RunTT function for the detagged elimination operator

for Vect:

Vect-Elim —  AA; n; z; P; me; m...
casen of
0 ~ me
(s(k)) ~ m.. (nl0) (2!0) (2'1)
(Vect-Elim A (n!0) (z!1) P me m..)

Here matching om has told us enough about the form of the
that we do not need to analyse its form, and we can simply project

out the arguments where appropriate. Now that we have removed

the redundant and duplicated (i.e. compile-time only) information
from data structures, we are in a position to apply transformations
to theRunTT terms.

5.2 Unfolding Elimination Operators

Where a recursive function ovéris written byD-Elim, the elim-
ination operator is one extra level of indirection. The purpose of
the operator at compile-time is to ensure that all recursion is primi-
tive and so recursive functions terminate. At run-time, however, we
would like to remove this level of indirection since it has served its
purpose and now merely causes a run-time overhead.

In section 3.1 we introduced labelled types, which allow expres-
sions to be annotated with their corresponding recursive call. The
labelling gives us theneaningof each inductive hypothesis; the

The elaborator introduces equational constraints into terms to show
cases which can never be evaluated. Where a constraint is impos-
sible to satisfy (due to disjointness of constructors) this gives a
function which returns the empty type. The empty tyfdse, is
declared as follows:

data

=———  where
False : x —

There are no constructors and correspondingly the elimination
operator has ne-schemes and hence no reduction behaviour. At
run-time, where elimination operators are only executed when ap-
plied to canonical forms, we can be sure tRalse-Elim will never
be executed, becaubelse has no canonical forms.

SinceFalse has no canonical forms, we can be sure tay
function taking an argument of tyfealse will never be executed.
Also, a function whose return type alse can never construct
a value so it, too, will never be executed. We introduce a new
constant, Impossiblento RunTT to stand for terms which will
never be evaluated. Any function which takes an argument of type
False or returngFalse has its body replaced with this constant. Such
functions can obviously be inlined.

Case branches which are marked as impossible can clearly be
pruned. For example, consider th&ail function which takes the
tail of a vector and hides an intricate proof that the empty vector
case is impossible:

xs : Vect A (s n)
vTailzs : Vect An
vTail zs <« Vect-Casezxs
vTail (a::v) +— s

let

After application of forcing, compilation t&kunTT and the
marking of impossible to execute terms, we are left with:
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vTail — AA;n;v. casev of
€() ~ Impossible

sz, zs) ~ (v!l)

Through the use of dependent types, and a strongly normalising
core language, we get a vector lookup function with no run-time
bounds check. Some of the intermediate steps required to arrive at

Since there is only one possible case remaining, we can collapsetiS définition are shown in Appendix C.

the case expression entirely, and compilEail to a function which
simply returns a pointer to the tail, as we would expect from the 6. Results

original definition. We have applied the optimisations to several programs, compiled
vTail — AA;n;v. (v!1) for our prototype G-machine implementation. There are several

quantities which we may choose to measure, such as the number of

instructions executed, memory allocations, memory usage, proces-

The type ofvTail is informative, stating that a vector of length -~ gor cycles used or time taken. The quantities we choose to measure
zero is not a well-typed argument. The elaborator accepts the obvi- ¢4, aach run. risve and optimised, are the following:

ous definition with no need to write code for the empty vector, and

there is no inefficiency or loss of safety in the generated code. e The number of G-machine instructions executed.

e The number of thunks (suspended computations) created.

e The number of memory accesses (instructions which analyse a
heap cell).

e The number of cells allocated for data storage.

5.5 Unused Arguments

An apparently trivial but nevertheless important optimisation is
the removal of arguments which are unused in a supercombinator
body, by examining their syntactic occurrence. In simply typed lan-
guages, such a transformation is unlikely to have much of an effect,  we choose number of instructions executed above processor
since all arguments are there because the programmer has put themycles or time taken because of the nature of the implementation
there. WithEPIGRAM's implicit arguments, sometimes arguments  of the G-machine, and the size of the examples; since the examples
are inserted into elaborated terms only for typechecking. This is are small and run quickly, we can get a more precise measure of the
particularly likely when programming with inductive families —  time taken this way. We choose thunks and cell allocations to give
an index to a family must also be passed as an (often implicit) ar- an idea of how much storage is required, which gives a picture of

?ume_nt to a function over the family, whether needed or not by that how well the optimisations perform as storage optimisations.
unction.

We partition the arguments into thaetive arguments (which
are used in the function body) and tpassivearguments (which
are either unused, or used only in the same argument position
in a recursive call). Apassiveargument need not be passed to a
function, for obvious reasons — the function will never examine it.
Some care is required; this optimisation is only valid if a function
is fully applied. For these cases, we retain a wrapper function with
no arguments removed.

5.6 Optimising lookup

Returning to our example, we can consider the simplification of the
RunTT supercombinator fofookup. The following transforma-
tions are applied:

Detagging ofVect and forcing ofFin.

Unfolding of the elimination operatdfin-Elim to Fin-Case
Inlining Fin-Case

Elimination of the impossible case ef

Dropping the unused arguments representing the indices of the
Fin andVect.

The resulting supercombinator is shown in figure 21. This su-
percombinator reflects the fact that no run-time testing is required
on the length of the vector — to project values out and make the re-
cursive calls, we simply assume that the vector must be non-empty
and project out the relevant argument.

lookup — A\ A;k;i;v. lookup’ i v
lookup’ — \i;wv. casei of
fo() ~ !0
fs(j) ~ lookup’j (v!l)

Figure 21. RunTT definition oflookup

We arrive at this definition not through detailed analysis of con-
straints or program flow, but by application of a series of sim-
ple, well-understood optimisations to the transforraed T terms.

10

We have executed programs to do the following:

e Look up an element of a vector

e Compute the greatest common divisor of tis.

¢ Quicksort. This is implemented using Bove and Capretta’s do-
main predicate for quicksort [BCO3], which, like all such do-
main predicates, is collapsible [BMMO04, Bra0O5].

e Total aDList, a list with no repeated elements.

e Typecheck a term, using the typechecker implementation pre-
sented in [MMO04]

¢ Evaluate a small program on a well-typed interpreter similar to
that implemented in [AC99].

The results are summarised in figure 22. In each case there is
a significant reduction in the number of cell allocations made on
the heap. Correspondingly, there is a reduction in the number of
instructions executed; this is not surprising, since fewer heap nodes
need to be created. The transformations are intended as storage op-
timisations and are applied here with some success — the num-
ber of memory accesses, however, remains largely the same. This
is not surprising, because the optimisations are intended to avoid
duplication of data rather than to remove data outright. It is how-
ever also good to see that a result of the space optimisation is also
a slight reduction in the number of overall instructions executed.
It would be surprising to see anything other than a reduction in
space, given the nature of the transformations; each transformation
removes subterms rather than rearranging subterms so it is almost
certain that we should see a saving somewhere. Nevertheless, these
results show that, at least for these simple examples, these optimi-
sations are not at the expense of time.

7. Related Work

There have been several experiments in introducing dependent
types into practical programming languages. DML [Xi98] is a con-
servative extension of ML which allows types to be predicated on
integers, separating indexing expressions from programs. DML ex-
ploits dependent types to catch more errors at compile-time, and
also for optimisations, including dead code elimination [Xi99] and
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Program Version Instructions| Thunks | Memory Accesseg Cells
Naive 549 300 166 39
Vector lookup Optimised 537 300 166 27
Change -2.23% - - -30.76%
Naive 37896 18864 12293 2749
ged 63 Optimised 37486 18636 12293 2567
Change -1.08% -1.20% - -6.62%
Naive 175649 86600 55221 17268
Quicksort Optimised 171264 85586 55189 13900
Change -2.50% -1.17% -0.05% -19.50%
Naive 69612 28218 30695 2494
Totalling aDList Optimised 66333 27278 29774 1622
Change -4.71% -3.33% -3.00% -34.96%
Naive 23232 13746 6910 1620
Typechecking Optimised 20891 11820 6722 1136
Az e z)e Change -10.08% | -14.01% -2.72% -29.88%
Naive 199832 113916 54669 27766
Interpretingmult 23 | Optimised 187473 112620 53637 16919
Change -6.18% -1.14% -1.89% -39.07%

Figure 22. Results of marking optimisation

array bounds check elimination [XP98]. Cayenne [Aug98] on the 8. Conclusions and Further Work

othetr handhdoestﬂo: sfep?kr]atet types and valugsl; dgspite this, Auye have seen several techniques for compiling dependently typed
gustsson shows that, for the type system used In Cayenne, types,rqqramming in this paper. The style of programming encouraged

ma)é:reEirlaGS:fMat runI;tlme. so ch ntin the desi by EPIGRAM involves extensive use of indices on inductive fami-
, WE have also chosen a point In the design Space jiag 1o maintain invariant properties of programs; in the course of

where types and values are indistinguishable. More recent exper-y ; ; .
h - : eveloping an implementation of the core langual€, we have
iments with forms of dependent types, such as Generalised Alge-made tﬂe?ollowin% observations: 9

braic Data Types [PWW04] andmega [SHLO5], prefer to main-
tain the separation between types and values. [SHLOS] suggests that 4 £p|gram is executable on a stock architecture for execution
the design choice we have made ErIGRAM means the floss of ¢ |57y functional languages with only minor modifications,
the opportunity to use an erasure semantics, and the ensuing in-  gpecifically the introduction of a single heap node for all types.

crease in the amount of explicit type annotation required.” How- Therei identifiable distinction bet i | d
ever, our work here shows that vean use an erasure semantics, ere IS an identitiable distinction between run-ime values an
compile-time only values. There is some work to do to establish

using instead a distinction between compile-time and run-time val- this distinction but it is established i
ues. Moreover, the type annotations required for typechecking do tir:1$e (')il';%;cl’gesu once itis established, we can erase compiie-

not carry a price; they are implicit in the high level analysis, in- > . » o )
serted by the elaborator, and erased by the compiler. The extra type information, specifically the indices on induc-

mechanism of the theorem prov@pq [PM89, Let02] relies on a leads to the possibility of further optimisation. In this paper we
distinction between a universe of sets (computational values) and  have seen how, through static analysis of the elimination rule
propositions (computationally irrelevant values), removing propo-  for Vect and application of straightforward and well-known op-
sitions from extracted code. The aim here is slightly different; ex-  timisations, we can remove the bounds check on vector lookup.

traction aims to produce a simply typed program from a specifi- e The elimination operator is the only construct which can scru-
cation, rather than compilation of a dependently typed program, tinise a constructor application. This means we can choose any
and as such does not identify implicit arguments to constructors  representation for which a well-defined and respectful operator
for erasure. Letouzey and Spitters [LS05] introduce an approachto  can be implemented. This can lead to further optimisation, for

erasure of such implicit arguments using monads. example a GMP implementation df, or perhaps an optimised
Since evaluation takes place at compile-time in order to type- implementation oWect as a single block of memory of known

checkEPIGRAM terms, we should also consider efficient strong re- size.

duction. The current implementation uses normalisation by eval-

uation [BS91], but we can also consider&goire and Leroy’s It is reasonable to wonder why we compile via the 4T T

compiled strong reduction technique [GLO2], as appliecCoQ. terms, rather than compilingPIGRAM programs directly; after all,

The forcing and detagging optimisations also work at compile time the elaboration process gives us a high level pattern matching pro-
and can be appliedeforetype synthesis — the marked values are gram. However, the high level pattern matching functions are more
marked because they are duplicated, and hence have already beegeneral than simply constructor matching. It is possible to create
typechecked. [Bra05] describes this optimisation further, including alternative views of data [Wad87, MMO04] which give rise to higher
a proof that typechecking in this setting is sound and complete.  level pattern matching, not necessarily based on constructors.
There is active research into programming wWHRrIGRAM; Programming with full spectrum type dependency a€in-
[AMMO5] describes the rationale and gives an example of pro- GRAM is an innovative approach to programming; as such the re-
gramming with dependent types; [MMAO5] gives an example of sults presented here are the fruits of some of the first investigations
generic programming iEPIGRAM. into efficient compilation techniques for this point in the design
space. This work shows that a dependent type theory suth as
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indeed an effective base on which to build a feasible programming [LS05]

language, but there is much work still to be done. In particular, we
are developing a compiler f&PIGRAM alongside a suite of non-

trivial example programs, in order to investigate the effectiveness of
these compilation techniques in a more realistic setting. We expect

Pierre Letouzey and Bas Spitters. Implicit and non-
computational arguments using monads, 2005.

[Luo94] Zhaohui Luo. Computation and Reasoning — A Type Theory
for Computer Sciencelnternational Series of Monographs on
Computer Science. OUP, 1994.

that a more advanced account of the phase distinction and erasurgMcB00a] Conor McBride.Dependently Typed Functional Programs and

semantics will give rise to many more optimisation opportunities.
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A. Typingrulesfor TT

I' |- valid

| Type
I;z . S;T F valid - .
Tz STFz:3S Var (Similarly for ¢, D, D-Elim)
Tiz—s @ S;IV I valid Val
Diz—s: S;Fx @ S
I'Hf :Ve:S5.T FFs:SA
'kfs:letz : S+— sinT PP
i : SkFe: T TEHEVZ:S5.T : %, Lam
I'kXx:S.e : Va:5.T
iz : SET : %, 'S @ %, Forall
P'EVz:S.T @ %,
I'ke = S Dizr—e : Ske : T
T'ES : x, ier—e : SET @ *x, Let
I'kletz : S—eine : letz : S—einT €
I'ET . %,
CH(:T) : % Label
't . T
Chreturnt : (I : T) Return
Pkt :(:T)
Treaii -1 &
'z : A FFA : %, THFA~A
'z : A Conv

B. Optimisation Details
B.1 The Forcing Optimisation

Consider a typical constructor, fully applied to variables, §

D 3. If we expresss as|p|, wherep arises by marking the presup-
posed terms in patterns built from then anya; appearing as a

pattern variable irp is forceable, by injectivity of constructors. We
call these argumentsoncretely forceable(figure 23) since they

PAT (V,z) = (zU V,2)if z2¢ V
PAT (V,ct) = (V',LAZY (c, P))
if PATS(V,?) = (V',P)
PAT (V, t) = (V,[t])
PATS( V, nil) = (V,nil)
PATS( V,t 1) = (V",p P)

if PAT(V,t) = (V’,p)
andpaTs (V', 1) = (V")
LAZY (¢, [p]) = [c 7] _
LAZY (c, ) = [c] P otherwise

Figure 24. Extracting patterns from a constructor’s indices

Foreachc : Vd:A.Vdi:D 7. ...Vd;:D7.D3
where PATS (0, 5) = (V, B)
take [c] = Aa;7.cal"t i
D-Elim g (ca 7)) P
~ Me 5]7(D-E|Im & y1 P n‘i) . (D-E“m Fb Y P m)
wherea!? = {a} if a € V
oV} — 4 otherwise

Figure 25. The Forcing Optimisation

B.2 The Detagging Optimisation

For the detagging optimisation, we match on the indices of an elim-
ination operator. To do this we must actually examine their con-
structors, so the previous lazy definition e£Ts is not sufficient.
We compute the patterns we need for the detagging optimisation
with EPATS— the same aBATSbut withLAZY replaced bYEAGER:

EAGER(c, ) = ¢

EAGERgenerates patterns without commented out constructors,

can be retrieved in constant time by pattern matching on the in- {4 indicate to the pattern matching compiler that it may inspect

dices.

For fully appliedc @ ¥ : D &, wheres = |p]
if a; appears iy as a pattern variable then is concretely forceable

Figure 23. Concretely forceable arguments

To expresss as|p|, we write a progranpAT to extract from a
term a linear pattern with its variable set apwt's, which lifts PAT
across argument sequences, shown in figurel24s an accumu-
lator containing the variable set built so far (which is initialised to
the empty seff); the second argument is the indexsin

The helper operationAzy exploits the fact that we need not

these tags.

For each constructar, : VZ:X,. D5 ,EPATS(0, ) gives
us ( Vi, 7;), where V; is the set of arguments @f forced bys;
and p; are the patterns whicB-Elim will match. If the patterns
7: generated from the indices are mutually exclusive, welBay
concretely detaggablgfigure 26).

For a familyD with i constructors of the form
C; ¢ Vf)?l D§Z
Where for eachi, EPATS (), 5)) = (Vi,7:)
if V4 # j. 3k. DISIOINT(pix, p;x) thenD is concretely detaggable

Figure 26. Concretely detaggable families

examine the constructors at the head of the indices to implement

the reduction, given that it can be implemented by examining the

constructors at the head of the target.

The pattern sets are mutually exclusive if the following property

The general scheme for the forcing optimisation is given in fig- holds:

ure 25. Note that types are elided in théindings; this is to avoid
distracting attention from the optimisation itself X«; b;.... eis
used here as a shorthand far: A. A\b: B. ... . e.

13

Vi # j. 3k. DISIOINT(pik, pjk) = true
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e The top levellookup function initially compiles to:
o] = A7 {3} 7V plevelookup y comp
D-Elim 7; ({ci} #1'7) P 7t

~ medy (D-Elim # yu Pm) ... (D-Elim 7 y; P m)

lookup — AA;n;i;v.
casei of
f0() ~ fzCase An (sn)v )
fs(j) ~» fsCase An (sn)i' (fs(i")) (v!1) ()

Figure 27. The detagging optimisation Clearly, it is beneficial to inlinézCase andfsCase, which
yields the following definition:

B.3 The Collapsing Optimisation lookup +— AA;n;i;v.

o . . e case; of
We say a family isconcretely collapsible(figure 28) if it is con- 00 ~ ol0

cretely detaggable and for each construetor: V@ : A. Vd; : Y o
D#....Vd; : D 7. 5 EPATS(0,5) gives (@, 5) — that is, all fs(i") ~ lookup A n ¢ (v!1)
of the non-recursive argumeni&appear in the set of concretely

forceable variables.

For a concretely detaggable famiywith i constructors of the form
¢i : V@:A;.Vdi1:D 7. ...Vdij:D7;.D5

If for eachi, EPATS (0, 5) = (@, P)

thenD is concretely collapsible

Figure 28. Concretely collapsible families

The general case for the collapsing optimisation is given in
figure 29. The originaD-Elim, which is passed an argument in
the family D, is transformed into a new version BEElim which
has that argument dropped. The motive still has the same type as in
the standard-Elim, but the only value which will be passed in the
target position will be the trivial canonical valug,

D-Elim 5 {c @ 7 P

~ med () . (yn}) _
(D-Elim 7 {yi} P m) ... (D-Elim 7, {yn} P m)

[c] = Aa;y. (feag})
[D-Elim] = A%;x; P; . D-Elim 7 {z} P

Figure 29. The collapsing optimisation

C. Compilation of lookup

After applying the forcing optimisation, the elaboratktbkup
translates t&kunTT as follows:

e dMotive computes a type, which cannot be analysed at run-
time so compilation is straightforward.

¢ discriminate computes a value of tydelse, so can never be
executed and compiles to Impossib¥his function is inlined
throughout.

¢ fzCase, after inlining and caseollapsing, produces the fol-
lowing RunTT code:

fzCase — AA;n;k;v;p.v!0

The empty vector case includes an applicatioRad$e-Elim
and so is removed.

¢ fsCase, after inlining and_caseollapsing, produces the fol-
lowing RunTT code:

fsCase — MA;n;k;i;i’;v;ih; p. lookup Aniwv

Again, the empty vector case is removed as it can never be
exected.
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