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Abstract domain knowledge in a precise way, and programmers may work at

different levels (corresponding to stages) according to their degree
Dependent types and multi-stage programming have both beenof specialisation. For example, in the domain of real-time embed-
used, separately, in programming language design and implemen-ded systems which we are investigating, the first stage might be a
tation. Each technique has its own advantages — with dependentrestricted notation that guaranteed bounded time and space usage,
types, we can verify aspects of interpreters and compilers such asand be used by the applications programmer; the subsequent stage
type safety and stack invariants. Multi-stage programming, on the might be used to define these restricted notations in terms of the
other hand, can give the implementor access to underlying com- underlying meta-programming system, and be used by the domain
piler technology; a staged interpreter is a translator. In this paper, expert; and the final stage would correspond to the generation of
we investigate the combination of these techniques. We implementexecutable code, and be used by the compiler writer.

an interpreter for a simply typed lambda calculus, using dependeniA major problem with this approach arises in ensuring that gen-

types to guarantee correctness properties by construction. We giv . ;
explicit proofs of these correctness properties, then add staging an-€"ated programs conform to the properties required by the (meta)-

: : ; . This problem has been explored in outline by Taha,
notations to generate a translator from the interpreter. In this way, Programmer
we have constructed a verified compiler from a verified staged in- Sheard and Fsaic amongst others [28, 31, 30], who have pro-

terpreter. We illustrate the application of the technique by consid- dut:tgd systems tthat ar\?v(r:ﬁpattﬁ.le.of corlr ecgly preste.rl;nr;g type |gfor-
ering a simple staged interpreter that provides guarantees for somd'&t0n across stages. While this IS a valuable contribution in reguc-
simple resource bound properties, as might be found in a domain N9 runtime type errors for generated programs, these approaches

specific language for real-time embedded systems. restrict the expressivity of their type systems. This approach s valu-
able in allowing the automatic verification of types, but verification

of more complex properties will generally require more complex
proof structures than can be supported by such frameworks. For
example, the calculation of bounds on the resources used by a gen-
erated program may be essential in a real-time embedded systems
setting; previous work (e.g. [34, 20]) uses multi-stage programming
to generate resource correct programs, but is limited to specific re-
source correctness properties. We are thus motivated to consider
how arbitrary proofs may be embedded within multi-stage pro-
grams in a homogeneous framework, in order to allow automatic
verification of required program properties for domain specific lan-
guages implemented using a multi-stage approach.

Categories and Subject DescriptordD.3.4 [Programming Lan-
guage§ Processors — Interpreters, Compilers, Translator writ-
ing systems and compiler generators; D.ZSéffware Engineer-
ing]: Software/Program Verification — Correctness proofs, Formal
methods

General Terms Languages, Theory, Verification

Keywords Dependent types, Multi-stage programming, Partial
evaluation, Domain Specific Language Implementation, Resource
aware programming, Functional programming

. 1.1 Overview of our Approach

1. Introduction

_ _ ) ) Types give a program meaning; dependent type systems, in which
Multi-stage programming supports separation of concerns in com- types may be predicated on values, allow us to give a more pre-
piler writing, by allowing automatic program generation to proceed cise type to a program and therefore to be more confident that it
in a series of stages. Each stage captures some new aspect of thgas the intended meaning. In this paper, we consider how the sepa-
problem space that is then reflected in subsequent stages throughate techniques of multi-stage programming and dependently typed
the program that is generated. A primary advantage of the approachprogramming can be combined in order to implement an efficient
is that it supports the construction of domain specific notations in and correct implementation of a functional programming language.

a nested fashion [11]. Here, each stage allows the encapsulation O(Ne use dependent types to implement a well-typed interpreter
following and extending the ideas of Augustsson and Carlsson [4].

We are able to showy constructiorthat the interpreter returns a
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Thus dependent types provide static guarantees of certain desiredn TT, there is a hierarchy of type universes, wherex is the
correctness properties. type of types, and,, : *,41. We leave universe levels implicit,

We further consider the use of staging annotations [32] to control sin_ce they can be inferred by the machine [17]. Th_e_ key ty_ping rules
which set this type system apart from more traditional simply- or

the execution order of the interpreter. Staging annotations allow . X :
code generation to be deferred until run-time, when some inputs POlYMorphically-typed\-calculi are theApp andConv rules:App
are known. This means that we can specialise our interpreter for 'S the rule for applying dependent functions (natenay be free
specific object progams — staging the interpreter yields atranslator" 7> S0s may be substituted in the type of the application); and
from the object language to the meta-language [14]. From here it Conv IS the_ conversion rule — two terms are cc_)nvertlble b_y _t_he
is a small step to generating a compiler for the object language = re_latlon if they have a common redex. Checking convertlblllty_
(for example usin@ffshoring— passing the translated code to an requires evaluation at compile-time, he_nce strong normalisation is
external compiler [13]). The combination of dependent types and a requirement for decidable typechecking.

multi-stage programming therefore gives us a method for building For clarity of presentation, we will use the higher leveliERAM
verified compilersfor at least some required properties. notation [25], which elaborates 16T . A more detailed presentation

of EPIGRAM can be found in [24]T T and its compilation scheme
are detailed in [6].

= K (type universes
| =z (variable . . . .
| (z:t)—>t (function spacg 1.3 Programming with Inductive Families
I i‘f Hhet Ezbs}irggttilgrb)] Inductive families are simultaneously-defined collections of alge-
| letzs ¢ : tint (Ierz%inding) braic data types which can be indexed over values as well as types.

For example, we will define a “lists with length” (or vector) type
below. We first, however, need to declare a type of natural numbers
to represent such lengths:

Figure 1. The core languagd, T

S _ m:N
_ data - Where R SnoN
I+ valid Type
CEsp kg Addition and multiplication can be easily defined by primitive re-
(z : §)eT cursion. We can now declare vectors as followWsct A n defines
S—— Var an inductive family of lists indexed ovet, the type of vector ele-
'z . S
ments, and also ovet, the vector length. Note that, by construc-
(z: §—s)el Val tion, e only targets vectors of length zero, amdzs only targets
'tz = S vectors of length greater than zero:
rFf:(z:8->T FI—S:SApp
Lkfs: Tls/z] A:x n:N -
data Vect An : % where € : VectAO
| Srl—l_e)\. .T .Fl—(.z :8) =T ox Lam v A s : Vect Ak
z:8e: (z:8) =T zizs : Vect A (sk)
iz : SET @ %, TFS:x Forall
PH(z : S)=> T : %, Note that4 andk are implicit arguments to the infix constructor

:: — their types can be inferred from the type\&éct. When the

Fe 5 Dizere : She: T type includes explicit length information in this way, it follows that

'S %, Tiz—e @ SET @ %,

; Let any type-correct function over values in that type must express

Phletz : S eine : Tle/z] the invariant properties of the length. For example, we can write
Thbz: A TFA :%, TFA~A a bounds-safe list lookup function that gives a static guarantee that
TEz . A Conv avalue is never projected from an empty list. In order to do do this,

we define a datatype of finite sets, which can be used to represent
numbers with an upper bound:

Figure 2. Typing rules forT T
data A
- Finn : %

1.2 The Core Type Theory, TT i : Finn

f0 : Fin(sn) fsi : Fin(sn)

where

Our implementation language (meta-language) is a strongly nor-
malising dependent type theory with inductive families [12], simi-
lar to Luo’s UTT [22] or the Calculus of Inductive Constructions in
CoQ[9]. This language, which we call T, is an enriched lambda . . ;

calculus, with the usual properties of subject reduction, Church mgiethceag%lgngoorutgiiIrgcejeexrracl)r:fj the size of the list are the same, so
Rosser, and uniqueness of types up to conversion. The strong nor- )
malisation property (i.e. that evaluation always terminates) is guar-
anteed by allowing only primitive recursion over strictly positive let
inductive datatypes. The syntax of this language is given in Fig- ) o
ure 1, and its typing rules in Figure 2. We may also abbreviate the l0okup i zs <« elimi < casers

function spacéz : S) — T by § — T if z is not free inT. lookup f0 (z:ys) = z .
lookup (fs j) (z :: ys) +— lookup j ys

Note that there are no elementsFfi 0 — this would be a finite set
with zero elements. The type bfokup below expresses statically

i : Finn zs : VectAn
lookupizs : A




The elim and casenotation invoke the primitive recursion and nm:N p:m<n
case analysis operators respectivelyioand zs. Termination is let minusnmp : N
guaranteed since these operators are the only means to inspect
data. Unlike a simply typed language, we do not need to give
error handling cases: the typechecker verifies that the empty vector
cannot be a legal input. We can see this by observing that neither
constructor ofFin targets the typdin 0, therefore no well-typed
application oflookup could accept &/ect A 0.

minus n = m P < elimp

minus n 0 (leOn) — n
minus (sn) (sm) (IeSp) — minusnmp

The values for the arguments and m are determined by the
indices ofleO andleS; no case analysis on the numbers themselves
is required. The Curry-Howard isomorphism [10, 18] describes this
1.4 Types for Specification correspondence between proofs and programs.

By giving additional static information about tHeokup func- The lack of a phase distinction between types and values means
tion, we obtain a stronger guarantee of its behaviour from the type- that we can write proofs like thidirectly over programs; there is
checker. The definition itself, however, is written in the usual way NO need to duplicate values at the kind level. While it has been
— indeed, it is more concise since there is no need for error check- claimed elsewhere [8] that this implies that types cannot be erased
ing. When writing the type, we are really writing a specification. at run-time, in fact, we are able to maintain type erasure by instead
Then, in writing the program, we are at the same time providing a establishing a distinction between compile-time and run-time val-
proof that the implementation meets this specification. ues using techniques from [6], and erasing those needed at compile-

. . time only.
While we accept that such methods may not become widespread

for general purpose programming in the short term, there are many, o
important applications domains where guarantees of correctness ™
are vital or desirable. Our own area of interest is resource-bounded implementation of the staged interpreter we develop in this
safety-critical systems [16]; we aim to use the techniques we paper, along with an implementation afT, is available from
present in this paper to implement a verified compiler for a resource http://www.dcs. st-and.ac.uk/~eb/STLC/.

aware functional language. We will return to this in Section 5.

Implementation

1.5 Theorem Proving 2. A Dependently Typed Interpreter

The dependent type system®T also allows properties to be ex- Dependent types can be used to good effect in the implementation
pressed directly. For example, the following heterogeneous defini- of programming languages. One demonstration of this is Augusts-

tion of equality, due to McBride [23], is built in & T: son and Carlsson’s well-typed interpreter in Cayenne [4, 3]. This
interpreter implements the language given below:

5 a A: b b " B éefi a* . aa:' ;4 ex= Xa:T.e A-abstraction

’ ’ | ee application
This definition introduces an infix type constructet,parametrised | @ vgrlable
over two types; we can declare equality between any two types, but | eope binary operator
can only construct an instance of equality between two definition- | n Eurr}ber |
ally equal values in the same type. For exampéd, (s 0) is an | b oolean value
instance of a proof that0 = s 0. Furthermore, since equality is an | if ethencelse e boolean choice

| primreceee primitive recursion

ordinary datatype just lik&f andVect, we can also write programs
by case analysis on instances of equality, such as the program be-

low. This can be viewed as a proof thkatespects equality: op =+ | *|<|=|>| and]| or
) . T:= N Natural numbers
let — SP : T(LS ;) ni a) | Bool Booleans
p-Sp - | t—t Function type

resp._s p <= casep
resp.s (refl n) > refl (sn) This is a simply typed\-calculus with booleans and natural num-
o ) _bers. We call this languageyc; our implementation augments Au-
We can also represent more complex properties, including logical gystsson and Carlsson’s with a primitive recursion operator for nat-
relations: ural numbersprimrec andif . . . then . . . else expressions.

The typing rules for this language are given in Figure 3, with

< . .
where 0 0<y |e51; : i;%sy context validity defined as follows:

z,y : N
data oy T«
Note thatz andy can be left implicit, as their types (and even their I + valid
values) can be inferred from the type of the relation. For example, F valid I'a : TFvalid
[eS (leS 1eO) could represent a proof 6f(s 0) <s (s (s (s 0)). As
with equality, given a proof, we can write programs by recursion T ET o T .“T: Trebl“. g
over the proof. For example, we can write a safe subtraction func- ¢ ° €l o Lelb:
tion (i.e. the result is guaranteed to be non-negative) by primitive

recursion over the proof that the second argument is less than or ! h€ interpreter we present here uses inductive families to repre-
equal to the first: sent well-typedness and synchronisation of type and value environ-

ments. By using inductive families, we can express explicit rela-
tionships between data structures, just like the relationship between




'kn: N I'kb : Bool
I'a : ske : t
a:t€lkFa:t 'FXa:s.e:s—t
F'Fe : s—=t Thke s
F|_6162 t
'tes : N ThFe : N op€{+]|x*}
I'erope : N
'tes : N The : N op€{<|=[>}
' e ope : Bool
ke : Bool T'key: Bool ope{and]or}
' e opes : Bool
I'z : Bool t:a f:oa
PkFifzthentelsef : a
'tz : N 2z:a s:N—oa—a
I'kprimreczzs : a

Figure 3. Typing rules for\ac

aVect and its length. In particular, the types we use express the re-

let 22N Eng oo Vect Ty n
Envn : %
G :Envn i :Finn t: Ty
data Var Git : %
where v : VarGit

top : Var (s:G)f0s popv : Var(s:G) (fsi) ¢
Variables are de Bruijn indexed, and represented by an element of
a finite set. Using finite sets gives an explicit bound on the index
which means that the variable can never refer to a value out of the
scope given by the type environment. We can also tigwandpop

as zero and successor constructors of a natural number representing
a de Bruijn index.

If we readVar G i t asG i : t,its intended meaning, then we
see a direct correspondence with the earlier definition of context
membership.

The Expr family, which represents expressions in the object lan-

guage, is shown below. It is indexed over the type environment
in which it will be evaluated, and the type of value it represents.

Therefore any well-typed instance Btpr mustbe a representation

of a well-typed term; this is a static guarantee. There is no need
to supply a well-typing predicate along with an expression as in
previous work [4, 30], since there is no way to construct ill-typed

lationship between values and their type and context membership.values'
This means that, without having to proaey theorems, we have G:Envn A:Ty
static guarantees that evaluation preserves type, and that contexgiata Expr G A :
lookup will always succeed. Later, we will also see that we can rep-
resent raw (untyped) terms and implement typechecking in such awhere k_: N
way as to guarantee that any well-typed term it produces is of the enatk : Expr G TyNat
of the correct type. i.e. we can show soundness of the typechecking b : Bool
algorithm, by the types alone. ebool b : Expr G TyBool
2.1 Representation %%
We have specified context validity, context membership and the f : Expr G (Arrowst) a : ExprGs
typing rules in relation to contexts. We would now like to choose eappfa : Expr Gt
a representation foXac terms in the meta-language which reflects
this specification as directly as possible and ensures that only well- e : Expr(s:G)t
typed expressions can be built. In a traditional language some loss elame : Expr G (Arrow s 1)
ofinf_orr_nation is inevitable_ here_, but with inductive families we can op : interpTy A — interpTy B — interpTy C
specifyin the typethe relationships between these concepts. a:ExprGA b : ExprGB
We begin with a representation of types. These types can be reified eopopab : Expr G C
into meta-language types with thaterpTy function, since the s Expr GBool tf : ExprG A
. : ,f ¢ pr
dependent type system allows us to compute types: cfztf  Expr G A
data ——— where ———— z : ExprGN 2z : ExprG A
TyNat = Ty s : ExporG (N— A— A)
TyBool : Ty eprimrecz z s : ExprG A
Arri’v\f s.tT-y T Again, if we read the declaration : Expr G T with its intended
’ meaning,G F z T, then we can read the typing rules directly
let t: Ty from the Expr type declaration. The only minor exception is the
— interpTyt : % eop constructor, which permits a more generic implementation of
interpTy t < elimt _binary operators. Thus any correctly con_structed (i.e. well-typed)
interpTy TyNat ~— N instance of arExpr must be a representation of a well-typed term
interpTy TyBool +— Bool in Aac.

interpTy (Arrow s t) — interpTy s — interpTy ¢

We represent type environmentd) @s vectors of types, and mem-
bership of a type environment as a relation:

As an example, the factorial function could be defined by primitive

recursion as follows:
fact = Az:N.primrecz 1 (Ak:N. Xih:N. (k+ 1) x ih)

The representation of this as Brpr is:



et L Expr GT  we : ValEnv G
- interp z ve : interpTy T
interp T ve < elimz
interp (enat k) ve — k
interp (eboolb) we — b
interp (evar v) ve — envLookup v ve
interp (eappfa) wve — (interp f ve) (interp a ve)
interp (elam;e) wve ~— Aa:interpTy s. interp e (extend a ve)
interp (eopop ab) wve — op (interp a ve) (interp b ve)
interp (eifztf) we +— runif (interp z ve) (interp ¢ ve) (interp f ve)
interp (eprimrec z z s) ve — primrec (interp z ve) (interp z ve) (interp s ve)
let z : Bool t,f: A et n:N 2:A4 s:NoAoA
- runifztf : A - primrecnzs : A
runif z ¢f < caser primrec n zs <elimn

runif true t f — ¢t
runif falset f — f

primrec 0 zs — z
primrec (sk)zs +— sk (primreck z s)

Figure 4. The interpreter

its argument. Note that in the case &am, we use the implicit ar-
guments to establish the input type of the function. This approach
(eop mult (eop plus is similar to normalisation by evaluation [5] in that we construct
(evar (pop top)) (enat (s 0))) (evar top))))) a semantic representation of the term to be interpreted. It is also a
taglessinterpreter; i.e., there is no need to tag the return value with
The interpreter has a value environment in which to look up the its type, since the the type is known from the index of the input.
values of variables. Since variables in the environment may have
different types, using &ect is not appropriate. Instead, we define
a type which synchronises the value environment with the type
environment; each value in the value environment gets its type from oy . - .
the corresponding entry in the type environment. The declaration of fact = Az:N.primrecs (s0) (Ak, ih:N.mult (plusk (s0)) ih)
the value environment and a lookup function are as follows:

fact = elam(eprimrec top (enat (s 0))
(elam (elam

Evaluating thefact function defined above gives, as expected, the
meta-level implementation of factorial by primitive recursion

3. Dependent Types and Staging
G : Envn

daR g G . - WDere empty : ValEnve In [33], Taha states that “a staged interpreter is a translator”. His
t : interpTy T r : ValEnv G idea is to defer code generation for staged fragments until run-time;
extend t 7 : ValEnv (1::G) inthe case of an interpreter, the program generates a meta-language
implementation of the object program, eliminating the interpreta-
et v:VarGiT we: ValEnv G tion overhead. In this section, we apply Taha's staging technique
—  envLookup v ve : interpTy T' to the TT language and show how we can modify our dependently
envLookup v ve < elimwv typed interpreter to take advantage of staging annotations. A major

envLookup top (extendtr) +— ¢
envLookup (pop v) (extend ¢ r) +— envLookup v r

advantage over Taha's approach is that dependent types allow us
to maintain the compile-time correctness guarantees of Section 2
automatically. It follows that, by construction, our object programs

The type environment helps to ensure that we can only representare well-typed, well-scoped and terminating.

well-typed terms. The value environment is used with the inter-

preter to ensure that any value we project out of the environment 3.1 Extensions toT T

has the correct type. The invariantsetivLookup guarantee that

we can never project a non-existent value out of the environment. It To add staging constructs DT, we begin by extending it with

is not possible to project a value from the empty environment; such the notion oflevels Level 0 is the run-time execution level; higher
an operation would be ill-typed. This means that there is no need levels contain deferred code. We index the typing judgment with

for any error checking in the interpreter; we knbw construction

the leveln, i.e.T'F, z : A states that has typeA at leveln. We

that all possible inputs are well-typed and that the output will be of extendT T with the following expression forms:

the correct type.

2.2 The Interpreter

The implementation of the interpreter is shown in Figuraderp
is written by structural recursion over the input expressioh re-

turns a semantic representation, a3 & term, of the input. So,

for example, the interpretation of &abstractionlam) is aTT

function which implements that-abstraction. Interpretation of an

€ = N
| ’e (Quotedterm) | (e) (Code type)
| l'e (Evaluateterm) | ~e (Escape term)
* ¢ quotes an expressian deferring its execution until the next
stage. This lifts the expression from leveto leveln + 1

1In fact primrec, mult andplus are also unfolded, but we omit these

application then simply applies the function to the interpretation of details for clarity.



e (e) is the “code” type of a quoted term.

» !¢ evaluates a quoted expressiarSince this executes code, it
is only valid at level O, where has no free variables.

e ~ ¢ splices (escapes) a quoted term into a lower level. This
moves an expression from level+ 1 to leveln; n cannot be
level 0, since this would imply execution.

The typing rules are given in Figure 5. These typing rules addition-
ally ensure staging correctness — in particular, a value bound in
a later stage cannot be used in an earlier stage. To guarantee thi

context entries are annotated with the level where they are bound

and checked at the point of use, with updat&d andVal rules,

and code can only be executed if it has no free variables. This is
a more restrictive solution than strictly necessary — we could for
example use environment classifiers [35] to ensure that all free vari-
ables have an originating environment — but is sufficient for many
programs including those we present in this paper.

1':‘)&!76:5‘/{21 Eval Miwze% Escape
z :nlgl—emrr :"SS M ar
TS i'?l—Smeg;F: Sn <Mooy

Figure 5. Typing rules for staging constructs

The two basic notions of equivalence are:

ke
F'~(e)

A

(& e

Jpowerd — power (s(s(s

This is a generic power function, in that it can be used to compute a
value raised to any non-negative exponent. However, there is a price
to pay for genericity; if the function is often used with takame
value of n, our program still has to perform the work associated
with this input on every application.

We could, at compile time, create specialised instances of this
function for commonly used inputs, e.g.:

power2 — power (s (s0)

)
(s0))))

These can be partially evaluated at compile-time, but this requires
knowing in advance what the specialised inputs are. What if we do
not know until run-time? We do not have a way, in the language

without staging annotations, of partially evaluating at run-time to

create these specialised instances on dynamic data.

Staging annotations, combined with run-time code generation, give
us a method for creating these specialised instances dynamically:

et I N m : (N)
— power' nm : (N)
power’ n m <« elim

Now, reading an input at run-time, we dynamically generate a
specialise@ower function; for example, with the input(s 0):

power’ (s(s0)) = Am:(N)."(m x m x (s0))

We run such generated code with theonstruct. For example,
power2 can now be defined as follows:

power2 =!('Am:N. ~(power’ (s(s0))’'m))

The! construct compiles and executes its argument; at run-time,
this will generate code for a specialised power of two function.

The distinction between the escape and evaluation constructs is thafl his behaves in the same way as our earlier unstaged definition
escape must be enclosed by quotation brackets and evaluation apof power2 but with the partial evaluation deferred until run-time.

plies only to closed terms — the purpose of escape is to allow re-
duction inside a code building context. Extending an implementa-
tion of TT with these constructs is fairly straightforward; the one
aspect needing care is conversion of quoted terms:

T'Fz,y: A Trz~y
'F'z~'y

This rule states that quoted terms are definitionally equal if the val-
ues they quote are definitionally equal. An implementation of con-
version which simply compares normal forms would not implement
this rule correctly, so should be extended accordingly.

3.2 Example —power

A classic example of the benefit of multi-stage programming is the
power function, which returns theth power ofm. We can define
this as follows:

n,m : N
power nm : N
power n m < elimn
power 0 m + sO
power (sk)m +— m X (power k m)

let

Although this is a somewhat artificial example, it illustrates the
difference between specialising functions at compile-time and run-
time. This staging technique has greater benefit where we have a
large, commonly used structure which is nevertheless not known
until run-time — for example, a syntax tree for a program which is
to be interpreted.

3.3 A Staged Interpreter

Partial evaluation of an object program yields a representation of
the program in the meta-language; effectively this is a translated
version of the object program. If we can defer this partial evalua-
tion until run-time, then we do not need to know the object program
until run-time. This allows us to remove the interpretation overhead
and thus generateteanslator for the object language. In the pre-
vious section, we saw that staging a program allowed us to defer
partial evaluation of thgpower function until run-time. We will

now consider how to apply this technique to the interpreter of Sec-
tion 2.2. Figure 6 gives a staged version of the interpreter. The basic
definition is as before, but with staging annotations added to denote
where code generation should be deferred until run-time. Note that
there are no staging annotations on the caitwLookup. This

is because we would also like to partially evaluate this function
— thus projection of variables from the value environment is done



z : ExorGT we : ValEnv G
interp z ve : (interpTy T')

let

interp z ve < elimz

interp (enat k) ve +— 'k

interp  (eboolb) we — b

interp (evar v) ve envLookup v ve

interp (eappfa) wve "(~(interp f ve) ~(interp a ve))

interp (elam;e) we "(Aa : interpTy s. ~(interp e (extend a ve)))

interp (eopop ab) wve "(op ~(interp a ve) ~(interp b ve))

interp (eifz tf) we "(runif ~(interp z ve) ~(interp t ve) ~(interp f ve))

interp (eprimrec z z s) ve "(primrec ~(interp z ve) ~(interp z ve) ~(interp s ve))
t

n:N ¢f: A | n:N 2z:4 s:N—oA—-A

111111

let runif ntf : A - primrecnzs : A
runif n ¢f < casen primrec n zs <elimn
runif true t f — ¢ primrec 0 zs — 2z
runif falset f +— f primrec (sk) zs +— sk (primreck z s)
Figure 6. The staged interpreter
only once. We stagenvLookup as follows, storingcodein the choice of invariants on these families means that the properties in
value environment: which we are interested are already checked by the (meta-language)
typechecker.
data O Emvm o ywhere
—— ValEnvG : x ———  empty : ValEnve
: N
t : (interpTy T) r : ValEnv G data W
dtr : ValE T:G
extend ¢ r alEnv ( ) where b N b - Bool
let v :VarGi T ve : ValEnv G ——— ratk : Rawn rbool b : Raw n
—  envLookup v ve : (interpTy T). i : Finn f,a : Rawn
envLookup v ve < elimwv rvari : Rawn rappf a : Rawn
envLookup top (extendtr) +— t
envLookup (pop v) (extend ¢ r) +— envLookup v r _e : Raw(sn)
rlame : Rawn
Evaluation of thefact function gives a quoted representation of the op : interpTy A — interpTy B — interpTy C
meta-level implementation of factorial, wigprimrec, mult and a,b : Rawn
plus notinlined: ropopab : Rawn
fact =’ (\z:N.primrecz(s0)(\k, ih : N.mult(plusk(s0))ih)) z,t,f : Rawn z,2,5 : Rawn
rifztf : Rawn rprimrecz z s : Raw n
We hgve now dgferred the_ partial evaluation un.tll run-tlmg—rather data G :Ewn r:Rawn T :Ty
than incurring interpretation overhead each time we wish to run daté Checked Cr T - =
this object language function, there is now a single compilation
overhead, with code generated for the quoted function at run-time. where e: Expr G T
——— oke : Checked G1 T error : Checked G r T
o . G :Envn  r:Rawn T : Ty
4. AVerified Compiler o T Check G T : Checked G 7 T

Our choice of data type for the object language means that the im-
plementation of the interpreter is simultaneously a proof of the de- ; 5
sired properties. By using full-spectrum dependent types, we have Figure 7. Checking Raw Terms

a guarantee that input to the interpreter is well-scoped and well- i . ) )

typed, and that the output will be the correct type. Our represen- Let us first complete our prototype implementation Wlth a datatype
tation of the object language, in particular the invariants which it fOr raw terms (we assume the existence of a parser which generates
satisfies, means that we know the properties that the interpretert€s€ well-scoped terms) and a typechecker. dlireck function
satisfiesby constructiorrather than by post-hoc theorem proving.  (declared in Figure 7) takes a raw term and its intended type and
Staging lets us take this a step further — from the representation of '6{Uns aChecked structure, which either contains a well-typed

the object language and the staging of the interpreter, we generatd®M. Or an error. We omit the definition eheck; its structure
a correct compiler, by construction. follows that of the typechecker example in [25].

In this section, we will give some desired properties of our staged To begin, let us define a correspondence between the definition of
interpreter, and give explicit proofs of these properties. The princi- Aac and our representatioRaw, Ty andExpr.

pal advantage of our method for compiler construction is that these
proofs are extremely simple — the use of inductive families and our




Definition 1 (Representation). If T'+ ¢ : T then:

* [I'] is the representation of the context (withentries) as an
Envn

e [T] is the representation of the type a3 a.
e [¢] is the representation of the term as Bxpr [I'] [T].
e RAW(t) is the representation of the term as raw synfxw n.

Since dependent types encode many correctness properties directly
within the program, the substantial part of any compiler correctness

proof is in checking that the implementation faithfully models the

semantics. We can show that our representation is a complete an

faithful representation ofac by its correspondence with the typing
rules.

Lemma 2 (Soundness of representation)If ¢ :
then there is a termt such thaff¢t] = eandT'+ ¢ :

Expr [T] [T,
T.

Proof. Each constructor oExpr directly corresponds to a typing
rule (Figure 3), by reading : Expr G TasGtFxz : T. O

Lemma 3 (Completeness of representation)lf I' - ¢ : T, then

there isaterme : Expr [I'] [T7], such thaff¢] = e.

Proof. Each typing rule (Figure 3), directly corresponds to a con-
structor ofExpr by readingz : Expr G TasG =z : T. O

For the correctness of our implementation, we verify that the type-
checker is a sound and complete implementation of the typing
rules, and that evaluation preserves type.

Theorem 4 (Soundness of typechecking function)If
check [I'] RAW(t) [T] ~» ok ethenD F ¢
e : Expr [I] [T].

T, where

Proof. By the type of theChecked view, and thecheck function,
no e can be constructed which does not have the Be [TI'] [ 7'].
ThenT'F¢ : T by Lemma 2. O

In addition, because the implementation language is strongly nor-
malising (i.e., evaluation always terminates with a constructor
headed value), we know that variable lookup will always suc-
ceed, and the interpreter will always terminate correctly. There-
fore, for any object program, the interpreter will always produce a
meta-level representation of that program. We have verified these
properties for the unstaged implementation — since the staging
annotations guarantee that types are preserved between stages, and
these properties are shown by the program’s type, we can be sure
at these correctness properties are preserved after staging the in-
erpreter. By verifying the properties for the interpreter, and adding
staging annotations, we have verified the properties for the result-

d’ng compiler.

4.1 Termination and Side Effects

Since we have used a strongly normalising language to implement
a staged interpreter foxac, we can be sure of strong properties
such as termination ofac. For many domain specific languages,
guaranteed termination is important. For example Hume [16] is
separated into two layers, a co-ordination layer which directs the
flow of data, and a computation layer which processes data. If we
desire strong static guarantees about programs in the computation
layer, we may also require computations to be total.

From our perspective, the primary benefits of a strongly terminating
language, in whichL is not a value, are that proofs are total and
typechecking is decidable. In a full-spectrum dependently typed
language, where values can appear in types and vice versa, the
termination property is essential for decidability of typechecking.
Furthermore, without it, it is possible to construct a proof of any
proposition by creating a non-terminating functibettom =
bottom, which can have any type we like.

As far as proofs and typechecking are concerned, totality is vital.
However, the resulting limitation is that our programs must also not
possess side-effects, such as I/0O, since these effects could appear
in types. This precludes the implementation of a Turing complete
language inTT as it stands. Meta-D [30] avoids this problem by
restricting the type language. We prefer not to make the same re-
strictions since a key part of our method is that proofs are easily
expressible within the source language. Our proposed solution to

Although we can show soundness using types alone, completenessgis problem is as for I/0 in Haskell, treating partiality as a monad.

requires some extra work, involving the details of dheeck func-
tion.

Theorem 5 (Completeness of typechecking function)lf
I' -t : T thencheck [I'] RAW(E) [T] ~» ok e, where
e : Expr[I] [T].

Proof SketchBy Lemma 3, there exists a teren: Expr [I'] [T7].
The totality of thecheck function ensures that it will produce
either a termok e, wheree represents a term of the correct type
(by Theorem 4), oerror.

To show thatheck produces a well-typed term where it exists, we
define a forgetful map operatida|, wheree Expr G T, and
show by induction ovefe| thatcheck G |e| T ~ oke.

O

Theorem 6 (Subject Reduction). If interp s ve t and

s : Expr G Tthent : T.

[a g

Proof. The return type ofnterp ensures that the meta-level value

returned has the type required by its representation. By typecheck-

inginTT, s :
interp is total, evaluation will always return a value.

Expr G T ensures that : T. Furthermore, since
O

In collaboration with Capretta, Altenkirch [1] and Uustalu [36] are
developing such a method for introducing partiality into a depen-
dently typed language without losing decidable typechecking, and
this work transfers neatly to our setting.

5. Dependent Types for Resource Analysis

We have previously considered the use of dependent types to pro-
vide static guarantees of resource properties for functional pro-
grams [7]. The idea is to predicate each user-defined type on a
natural number, representing the size of values in that type; each
function then returns both a value and its size plus a proof that the
size satisfies a given predicate. This is represented by the following
Size type:

data A:N—>x P:(n:N—oAn—>x
- Size AP : %

val : An  p : Pnwal
where sizeval p : Size AP

For example, we can implement a size-safe list append function
by predicating d.ist type on a natural number, and implementing
append as follows:



data A N— % with type (P *) = (P — P) — P) introduces an incon-
= Lists A : N—x sistency into our programs which means that proofs of properties
s Azn s : Liste A zsn in the program can no_Ionge_r be truste_d. Further examples Qf pro-
where nils : Lists A0 coﬁss pra— Liéts A (Ss zsn) gramming in this way, including the rationale, are presented in [2].
’ ’ By adding staging annotations to a logically sound type theory we
let xzs : Lists Azsn  ys : Lists A ysn aim to implement compilers with verifiable static guarantees.

append zs ys : Size Lists A (An:N. \v:Lists A n.

Our approach to verification is to annotate data structures with their
n = zsn + ysn)

invariants. Another possibility with a dependent type system is to
pair a program with a proof of its specification. This is the approach
taken by Leroy [21], who is developing and certifying a compiler

in CoQ. Hutton and Wright [19] also discuss compiler correctness,
but providing an external proof of the required properties. McK-
inna and Wright [27] use BIGRAM to give an explicit proof of

We have not yet considered in detail how to execute these programs compiler correctness in the implementation language. These meth-
It is important when constructing a resource analysis that the costods concentrate on the back-end; our approach, assuming a correct
proofs do not interfere with the actual program execution costs, compiler for the meta-language, allows us to concentrate on the se-

append nils ys +> size ys (refl ysn)
append (conss = zs) ys
— let (size val p) append zs ys in
size (conss z val) (resp-s p)

otherwise the costs will no longer be valid! While the techniques
of [6] will mitigate this problem, they will not completely remove
this dynamic cost information. A further (potentially error-prone)
pass is required in the implementation in order to transtate
structures into simple values. A staged interpreter for a resource-
aware functional language would, however, allow us to remove the
cost information in a principled way.

mantics of the object language.

We have not yet addressed the implementation techniques required
of our multi-stage language. Our current prototype implementation
is based on normalisation by evaluation [5]. The MetaOCaml com-
piler implements thé (eval) construct by linking the compiler in
with the executable and representing code as an abstract syntax
tre¢. A more practical implementation technique may be to ex-

The verified interpreter presented above can now be extended toploit the relationship with Ggoire and Leroy’s compiled strong

include size properties as well as type properties. To do this, we
extend the type environment to includezevariables as well as
A-bound variables, as shown in Figure 8. Since type environ-
ments now contain size information, we can embed size proper-
ties in types and proofs of those properties within programs, as
required. We are continuing to develop this idea for a full size
aware language, using staging to geneféfecode for execution

via Hume [16].

Un, Vs : N
data TyEnv v, vs @
where empty : TyEnv0O

G : TyEnv v, vs
sizeExtend G : TyEnv v, (s vs)

t: Tyws G : TyEnv v, v,
typeExtend t G : TyEnv (s v,) vs

Figure 8. Type environments with size variables

6. Related Work

Our work brings together the related areas of dependently typed
programming [2] and multi-stage programming [32], building
on the idea of a tagless staged interpreter [30, 29]. One impor-
tant difference in our work is the use afll-spectrum dependent
types[26]; there is no syntactic distinction between types and

terms. An advantage of this is that it becomes easier to express

properties of a program in the type, without the need to duplicate
values at the kind level. We do not need to maintajphase dis-
tinction between types and values; instead, we maintain a phase
distinction between compile-time and run-time values using tech-
niques originally developed in Brady's PhD thesis [6].

reduction [15] — one way of understanding staging annotations is
that they direct when to reduce under binder&gaire and Leroy’s
technique, in which they extend run-time values with a represen-
tation of free variables, may provide an efficient method for con-
structing code at run-time.

7. Conclusions and Further Work

This paper has investigated the construction of verified compilers
for domain specific languages using a combination of dependent
types and multi-stage programming. While the use of dependent
types to expose software properties means that some initial work
must be done in order to properly express these properties in the
types, there is a significant benefit in improving the ease of subse-
guent verification, and in providing support for automation. More-
over, once constructed, a single dependently typed framework may
be reused in either a general or domain specific manner.

We have taken great care to annotate the representation of the
interpreter data structures in such a way as to guarantee that an
implementation of the interpreter is both total and preserves the
type. The payoffs are that the implementation is straightforward,
no error checking is required, and that the typechecker guarantees
the properties we specify. The rationale behind working so hard
to choose the right representation is that data is static and code is
dynamic — if we choose to annotate the static construct with more
information, we do less work dynamically. This greatly simplifies
program verification — the only work we have to do is to show that
the data structure we use accurately models the requirements.

This paper has considered only fairly simple properties. In a real
domain specific language, such as our Hume target [16], we will
need to express both more complex invariants and more complex
properties than the simple size metrics used here. in such a setting,
full spectrum dependent types will be invaluable in allowing us to
express the relationship between the language and its properties
precisely. Such properties might include: guaranteed termination;
time, space and power usage for some implementation; or the

Furthermore, our language does not have effects such as non-correctness of specific program transformations. Adding staging

termination. This is important if we want our programs to have veri-
fiable static guarantees; non-termination (via a fixpoint combinator

2Walid Taha, pers. comm.



annotations to such a domain specific interpreter will give a meta-
language implementation, without explicit proofs, but preserving
the guarantees in the interpreter’s type.

While partial evaluation of a strongly normalising program can

yield a semantic representation of an object program in the meta
language without any need for adding staging annotations, we do

get an important further benefit from adding these annotations —
namely, that we obtain machine codeepresentation of the object
program, in addition to theneta-language codarovided by partial
evaluation. By combining the two techniques of dependently typed
programming and multi-stage programming, we can implement an
efficient compiler for a resource aware functional language with
strong static guarantees.
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