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Fa F
P L

Pk, A:s Vp T .T[p:Al b, [p/x]B : 59

APT Tk, {z:A}B : s3

I'l(S]_, 52, 33)

Vp& T .Tlp:Al b, [p/z]M : [p/y]B Tk, {y:A}B:s

ALDA TF, [ AIM : {y: A} B

In these premises we avoid choosing a particular parameter by requiring the
premise to hold for all parameters for which there is no reason it should not
hold, that is, for all “sufficiently fresh” parameters. As before, we will show
that F and F, derive the same judgements.

It is interesting to compare the side conditions of P1 with those of API.
In P1 we need the side condition p &€ B so that no unintended occurrences of
p (i.e. those not arising from occurrences of the variable x) are bound in the
right premise; we do not need p ¢ I" because the validity of I'[p:A] is obvious
from the right premise. In API, we cannot require the right premise for all p,
but only for those such that I'[p:A] remains valid, i.e. those p not occurring in
I'. However the condition p ¢ B is not required because of “genericity”, that
is, the right premise of APT must hold for the infinitely many parameters not
occurring in I', while only finitely many of these parameters can occur in B.

Fa F
As with previous relations, this equivalence will give us a stronger derived
induction principle, and stronger inversion lemmas for .

'r,M:A & I'FM:A (apts_gts, gts_apts)

Proof. Direction = is straightfoward by structural inductionon T, M : A.
For direction <=, first prove a lemma that bijective renamings respect +,

(inj(p) A sur(p)) =
F'FaM:A = pl'k, pM : pA

(bij_ren resp_apts)

by F,-structural induction.'®

Now we proceed to prove ' M : A = Tk, M : A by structural induc-
tion on a derivation of T' - M : A. All cases are trivial except for the rules P1

0 j|_a
- a=F



and LDA. Consider the case for P1: we must prove I' b, {n:A}B : s3 under the
assumptions

SC : 1‘1(31,82,33)

noccB : p¢ B

lprem : TF A:s

r_prem : [[p:A] - [p/n]B : so
I_ih :ThH, A5

r_ih : T[p:A] b, [p/n]B : so

By rule APT (using |_ih) it suffices to show I'[r:A] k-, [r/n]B : s for arbitrary
parameter r ¢ I'. Thus, using the free parameter lemmas of section 5.1, we
know

noccG : r ¢T

norA : r ¢ A from |_prem and noccG
nopG : pgT from r_prem

nopA : p¢g A from r_prem

Taking p = swap(r,p), we have p(T[p:4]) Fa p([p/n]B) : ps2 is derivable using
bij ren resp_apts to rename r_ih. (Recall from section 2.5 that swap(p, q) is
bijective.) Thus we are finished if we can show

p(Tlp:A) =Tr:A]  and  p(lp/n]B) = [r/n]B.

It is clear that the first equation holds from nopG, noccG, norA and nopA.
For the second equation, if » = p then we are done trivially, so assume r # p,
and hence r ¢ [p/n]B (from r_prem and noccG). Using vsub_renTrm commutes
(section 2.5) we have

p(lp/n]B) = {p+~ r}([p/n]B) (r & [p/n]B)
= [{p+— r}ip/n]({p+— r}B)) (vsub_renTrm_commutes)
= [r/n]B (noccB)
as required. O

The thinning lemma is important to our formulation because it shows that
full weakening (weakening) is admissible in our system, justifying our use of
atomic weakening in the definition of F (section 4.2).

The subcontezt relation is defined

'CA £ Vb:PPxTrm.bel = beA

This is the definition used informally in [2, 17, 48]; a much more compli-
cated definition is required to express this property in a representation using
de Bruijn indices for global variables.



Now we can state (thinning lemma):
'tM:A = (TCAAValid(A)) = AFM: A

A naive attempt to prove the thinning lemma by structural induction on
't M : A encounters serious difficulties with parameter side conditions (see
[30, 36] for discussion), but a proof is straightfoward using F,-induction,
justified by the previous section. The full weakening rule is a corollary of
thinning lemma.

C

The substitution lemma
'-FN:A Tlp:AJAFM:B
I([N/p]A) = [N/p]M : [N/p|B

(substitution lem)

is proved by induction on the derivation of I'[p : A]JA + M : B. From this we
get the commonly used case (cut_rule) by instantiating A to the empty
context.

Among the correctness criteria for type systems is that every type is itself
well formed. In PTS we have the type correctness theorem:

''rM:A = 3ds.A=sVIFA:s (type_correctness)

The proof is by structural induction; the only non-trivial case is rule App,
which uses the substitution lemma and vsub_is_psub_alpha (section 2.3).

J

An important property of type systems is that a term does not lose types under
reduction; thus types are a classification of terms preserved by computation.
In fact we will show entire F-judgements are closed under reduction. We now
use all five properties of abstract conversion (section 4.1).

Our goal is to prove
'M:A= M. M =>THM:A (gtsSR)

usually called the subject reduction theorem. A naive strategy is to show
that one step of reduction preserves typing, by induction on I' - M : A. One
difficulty is that in rules P1 and LDA, the type label, A, of the subject of the
conclusion appears in the context part, I'[p:A], of a premise; thus in the P1
and LDA cases of an induction argument, a contraction in the subject of the
conclusion may result in a contraction in the context of a premise. To address
this problem, [17, 2] strengthen the induction hypothesis to simultaneously
treat reduction in the context and the subject, leading to the goal

TFM:A = (M>M=TFM:4A) A ToT'=T'FM:A),



where — is one step of ordinary [-reduction. This is an improvement over
previous proofs, but still produces a large number of case distinctions, based
on which part of the subject contains the one redex which is contracted. All of
these subcases are inessential except to isolate the one non-trivial case where
the redex contracted is the application introduced by rule App. This suggested
to us that the proof would be smoother using a reduction relation that is
congruent simultaneously in all branches of the subject, in the same sense that
P is congruent simultaneously in all branches of a term. However, to simplify
the critical case of rule APP when the introduced application is actually a
redex that is contracted, we want to avoid overlapping redexes, as allowed
in the S-rule of 2». Thus we define one step non-overlapping reduction, -
(no_redl), by the same rules as 2— (figure 2) except for the S-rule, which is

modified to prevent overlapping redexes:!!

NORI1-BETA ([w:U]B) A 2~ [A/u]B Vclosed(([u:U]B) A)
Clearly "°- C B>, so using cnv_conv (section 4.1), we have
A B = A<BAB<KA.

We extend - compositionally to contexts (red1Cxt), and to pairs of a
context and a term (red1Subj), writing I' 2> A and (', M) > (A, N). We

also define " (no_redn), the transitive closure of 2°-, and show

M™>» N & MBE»N. (no_par_redn, par no_redn)

T'FM:A= . .
(D, M) 2 (I MY = T M': A, (subject_reduction_lem)
Proof. By structural induction on I' - M : A. We show the interesting case,
from rule App. Given
|prem : Tk M:{z:A}B
rprem : THL:A

lih  : VI, M'.((T, M) " (I",M")) = T'+ M': {a:A}B
rih 2 VI, L. ((T,L) " (I",L))) = I"FL': A

red_subj: (', M L) 2~ (A, R)
we must show A + R : [L/z]B. By induction hypotheses

gtsDM: A+ M : {z:A}B
gtsDL : AFL: A

P — jm —
B8P TS
< - -V

o,



By type correctness of gtsDM, for some s

gtsDpi: AF {z:A}B : s.

By the pi-generation lemma, for some s, and p ¢ B

gtsDB : A[p:A] - [p/z]B : so.

By the cut_rule on gtsDL and gtsDB (we also use vsub_is_psub_alpha (sec-
tion 2.3) here, and several more times in this case)

gtsDBsub : A+ [L/z]B : sa.

Now there are two subcases.

R =

R =

It is

M' L' where M > M' and L ®°> L.
The goalis A+ M' L' : [L/z]B; by rule APP and the induction hypothe-
ses we easily have A+ M' L' : [L'/z]B. Use rule TCNV and gtsDBsub to
expand L' in the predicate back to L as required (this uses cnv_conv).
[L/v]b where M = [v:A]b.
The goal is A - [L/v]b: [L/z]B. By Lih, A F [v:A']b : {2:A}B. Inverting
this we have, for some w, B’ and s’

gtsDb: Vp & A . A[p:A'l F [p/v]b: [p/w]B’

c : {w:A"}B' < {z:A}B

By (cnvCR_pi ¢') (this is the only time cnvCR_pi is used in this proof)

cnvA: A< A
cnvB : Vq . [¢/w]B' < [q/x)B

By (TCnv cnvA gtsDL)
gtsDL': A+ L: A

By psub_resp_cnv and cnvB we have [L/p]B' < [L/p]B, so by TCNV
and gtsDBsub, it suffices to show A & [L/v]b: [L/x]B’, which follows by
cut_rule on gtsDL' and gtsDb. O

o

now easy to show the subject reduction theorem, gtsSR, and a useful

corollary, predicate reduction

TFM:A = A2 A" = THM:A. (gtsPR)

Finally, extending 2 compositionally to contexts,'? I is closed under reduc-
tion (gtsAllRed)

no

F'FM:A = TESTAMESMAARSA) = T'EM A



There is a trivial but useful lemma:
THFM:ANA~s) = TFM:s. (predicate_conv)

Unlike rule TCNV, we don’t ask for evidence that s has a type, but the side
condition uses ~, not <. To prove such a lemma with < requires technical
restrictions; e.g. ECC with its type hierarchy chopped off at a finite level fails
to have such a property because of the sort at the top of the hierarchy.

C Since ~ C 2~ it follows from gtsAl1lRed
that - judgements are preserved by ~ (gts_alpha closed):

THFM:A = TRTAMAMAAZA) = T'F M': A",

Hence an implementation may typecheck a judgement as stated by a user,
rather than searching for an alpha-equivalent judgement which is derivable.
For example, standardizing the variables of a judgement apart, which is nec-
essary in Martin-Lo6f’s calculus of explicit substitutions [35], is not necessary
in our formalization of PTS.

P

In several rules of - the context I occurs more than once in the list of premises;
in order to build a complete derivation, I' must be constructed (by START
and WEAK) in each branch in which it appears. It is much more efficient to
assume that we start with a valid context, and only check that when rules
extend the context (i.e. the right premise of PI and the left premise of LDA)
they maintain validity. This is more in keeping with implementations which
are actually used, where we work in a “current context” of mathematical
assumptions. We present such a system in figure 7, and show it is equivalent
to k. The idea is originally due to Martin-Lof [28], and is used in [19].

This system has two judgements, a type judgement of shape ', M : A
(1vtyp), and a validity judgement of shape I' b\, (1vcxt). Note that they are
not mutually inductive: validity depends on typing, but not conversely. Hence
the condition I' b, A : s of rule LvCONS is a side condition, not a premise.

We have proved that |, characterizes t-:

'r-M:A4 & Th,M:AATH,) (iff_gts_lvcxt_lvtyp)

Direction <= of the proof is subtle. Formally, it uses an auxiliary mutual induc-
tive definition, and a well-founded induction requiring dependent elimination;
this is the only place in the entire development that either mutual induction
or dependent elimination are used. More abstractly, direction < claims ter-
mination of a function that replaces all the proof annotations omitted by +,.
As this is a fast-growing function, its termination is a strong result. The proof
is described in [36].



LVSRT r I_Iv 81 1 82 aX(81282)

LVPAR I'kyp:A [p:A] €T
WPI ThHy, A:sy F[pA] iy [p/.’L']B M rl(sl, 82,83)
[k {2:A}B : 53 p¢B, pgl
VLDA [[p:A] b [p/2)M : [p/y]B by {y:A}B :s PEM
Thy [2:AM : {y:A}B p€B, pgT

LVAPP 'ty M :{z:A}B 'HWN:A

Tr, MN :[N/z]B
THyM:A ThyB:s

LvCoNv Tr. M B A<B
LVNIL oy
LvCONS % pgl, TH,A:s
7 vy v
6 PTS vh -

It is remarkable how little about < has been needed for the theory described
so far (section 4.1). In [36] we pursue the theory of PTS with abstract con-
version to a correct typechecking algorithm for cumulative PTS, including
Luo’s system ECC. Here, we point out a more standard theory of PTS with
B-conversion, i.e. we instantiate < in the preceeding with the actual rela-
tion ~. (In LEGO the command Cut executes an admissible rule similar to
substitution lem of section 5.4.) This theory, leading to the strengthening
theorem and typechecking algorithms for classes of PTS, is detailed in [49].

Strengthening for all PTS, a hard result, was proved by Jutting [48]:

d AN DA A) = .
s ql“%q:C]Aqi-gd :)D = TAFd:D. (gts-strengthening)

The development we formalize, in which strengthening is a corollary to work
on typechecking, is described in detail in [49].



F P

Functional PTS are well behaved and are, perhaps, the only ones that are
interesting in practice.

ax(s:it) Nax(s:u) = t=wu, and

Functional £
rl(s1,82,t) Arl(sy,s2,u) = t=u.

In a functional PTS, ax and r1 are the graphs of partial functions, but we do
not necessarily have procedures to compute these functions.

Uniqueness of types The definition of Functional makes sense for abstract-
conversion PTS, and is useful in that setting: when building a derivation of
a typing judgement guided by the syntax of its subject, it is deterministic
which axiom to use at each instance of AX, and which rule to use at each in-
stance of P1 [36]. For -conversion PTS, this determinism propagates through
derivations to give a property that types are unique up to conversion:

. A
conv_unique_types =

VI,M,A,B.(C+-M:AAT+M:B) = A~B

Functional = conv_unique_types (types_unicity)

Because < is only a partial order, the correct generalization to abstract-
conversion PTS is a principal types lemma, saying that any type of term
M is “above” some principal type of M, but we cannot hope that every two
types are comparable [36].

Subject expansion Any (-PTS with uniqueness of types also has a subject
ezpansion property (subject_expansion):

conv_unique_types =

(M 25 NATFN:AATFM:B) = T+ M: A

While subject reduction says that terms don’t lose types under reduction, this
lemma, says terms don’t gain types under reduction. In this reading, T'F N : A
is the principal premise, and I' - M : B is a well-formedness premise. There
are examples of two different ways subject expansion can fail for non-functional
PTS in [49].
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