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Introduction

In the lambda calculus [1], and in other formalisations dealing

with variable binding, we have a process known as o.-conversion.

This is where we can, if necessary, change the name of a vari-
able, from say x to y, wherever it appears in certain kinds of
formulae, and the resulting formula will be equivalent. For
instance, the identity function \x.x is always the identity func-
tion, regardless of whether it is written as \y.y or \p.p. Whilst
it is easy to understand, it is difficult to formalise effectively; a
naive implementation would usually insist that \x.x and )\y.y
are not equivalent.

More complicated implementations are usually difficult to read, as
they often hide away the important parts of a proof in a sea of nota-
tion, most of which is specifically there to deal with a.-conversion.
Indeed, most of a development i1s devoted to proving trivial facts
about substitutions, that would be completed on paper in a few
lines. To give a solution to this problem, an extension to the Is-
abelle proof assistant was developed called Nominal Isabelle [2)].
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The above term 1s given in de Bruijn notation, where each lambda
i1s paired with a variable by a number. For large terms, this be-
comes unreadable very quickly. However, de Bruijn notation was
frequently used in implementations before Nominal Isabelle was
developed. In Nominal Isabelle, we could simply write the above
term as \|z|.(Aly].y(A|x].x))(Aw].zw), which is easier to interpret
than the given representation using de Bruijn indices, and 1s almost
identical to the informal pen-and-paper approach.
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Example — Craig’s Interpolation Theorem

We give some details about a particular metatheoretical result, called

Craig’s Interpolation Theorem. Informally speaking, this i1s a re-
sult about implication. If the formula A D B is valid, then we can
find an interpolant C' such that A D C and C' O B are valid, and
moreover that C' is expressed in the common language of A and B.
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As 1s usual 1n proofs of this nature, we proceed by induction on
the structure of the proof of A D B, and by case analysis. In
the propositional fragment, we need not worry about binding is-
sues. However, when full first-order logic 1s considered we need
the power of Nominal Isabelle to keep the proof as close to an in-
formal written proof as possibe. Moreover, we need to be careful
that the “common language” part of the theorem 1s observed; the
most basic approach would fail at this point [3].

Why i1s Craig’s Interpolation Theorem important? From a formali-
sation point of view, it is a nice result which is easy to understand.
However, it has applications in industry for type-checking for C-
programs, specifically type-checking union types, and also as a
tool in formal verification.

Further Work

e Much of the current work in formalising metatheory using se-
quent calculi 1s done using sets. However, for the most part, the
original work was presented via multisets. In an effort to unify
as far as possible the two approaches, we wish to begin to use
multisets more often in the formal methods.

e There are other problems which we could use our development
on. Most notable amongst these 1s Cut Admissibility [4], which
can be seen as the opposite direction of interpolation; given A D
C'and C' D B, we can cut C'toderive A D B, and still be able to
prove the same set of theorems. In particular, Cut admissibility
1s a result that says that no more theorems are provable with the
presence of the Cut rule, than without it.

e We could create extensions to Isabelle that would automate a lot
of the uninteresting steps in such metatheoretical proofs. The
important steps are the derivations. Ideally, we would like to
specify the rules of the system, the problem to be solved, and
the derivations that provide a solution, and Isabelle, with the
machinery of Proof General would decide whether this consti-
tuted a proof or not.
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