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Abstract

Whilst results from Structural Proof Theory can be couched in many
formalisms, it is the sequent calculus which is the most amenable of the
formalisms to metamathematical treatment. As such, we present some
tools and techniques so that formalisations of results in sequent calculi can
proceed more smoothly. The proof assistant Isabelle is used, along with
the package for reasoning about first-order languages, Nominal Isabelle.
We also present a new framework within which one can analyse a wide
range of sequent calculi. General conditions can thus to be made upon
the rules of such a calculus to ensure certain properties hold, notably
invertibility of the rules of the calculus.

1 Introduction

We give a more detailed overview of the aims and objectives of the research.
There is a discussion of why the problem is important, defines some terms and
gives a further overview of the rest of the thesis.

1.1 Motivations

A brief introduction to the field, along with a discussion of why it is an important
area for study, with particular regard to the need for formalisation.

1.2 Aims and Objectives of the Thesis

A discussion on what we hope to achieve. In particular, providing tools and
techniques so that Structural Proof Theory, and specifically sequent calculi, re-
sults can be formalised in a human-readable way. Some of this endeavour will

∗Where references in chapters are given, they refer to work which has already been written,
albeit not in thesis-ready form. Some may be published papers, others unpublished research
reports. The References contain works which will be referenced in the thesis.
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be demonstrated with case-studies of formalisations, and some will be theoret-
ical results. The theoretical results reduce the burden on the user in future
formalisations.

1.3 Structure of the Thesis

A plan of the rest of the document.

2 Structural Proof Theory

This section gives an overview of the relevant pieces of proof theory one might
like to formalise. It also describes various “shortcuts” which could increase the
level of automation possible in formalising proof theory results. There is also a
discussion on inductive measures.

2.1 Sequent Calculi

We discuss the main results of the sequent calculus formalism, with particular
emphasis on the main result of Cut Admissibility. Different methods for proving
the admissibility of Cut will be explored. The wide variety of inductive measures
used for such proofs will be investigated.

2.2 Cut Admissibility

An overview of the various attempts to provide sufficient conditions for Cut
admissibility.

3 Formalising Mathematics

This section gives an introduction to various proof assistants, including ones
which we have used. The applicability of each to formalising structural proof
theory will be discussed, as will any attempted formalisations.

3.1 Proof Assistants

The main interactive theorem provers used, including Isabelle, Epigram and
Coq. Isabelle has been used for the main body of the thesis; this decision is
justified in this section.

3.2 Formalisations of Structural Proof Theory

A discussion of seminal papers in the field, which use a variety of proof assistants.
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4 Formalisations using terms

This is a tentative chapter. It highlights the more traditional way of formalising
proofs in sequent calculi by use of a term notation. Whilst it is easier to formalise
in this manner, the proofs become much less readable and transparent. The non-
trivial result will be a translation of Cut elimination steps to normalisations in
natural deduction.

4.1 The Background to the Problem

The motivation of the problem, along with the definitions of the sequent calculi
and natural deduction system which are used.

4.2 Formalising the Translation

The translation between the two systems is given, and formalised. Some basic
results are proved about the translation.

4.3 Strong Normalisation

A reduction system is given for the term calculus. It is shown to be strongly
normalising using a lexicographic path order argument.

4.4 Confluence

The reduction rules contain no critical pairs. From this, one can derive local
confluence, and thus confluence, of the rewrite system.

5 Formalising Cut and Craig

We present some case studies, showing the use of Isabelle and its extension
Nominal Isabelle to formalise some non-trivial results. The interesting parts,
as well as the deficiencies, of the formalisations are highlighted. This chapter
will be based upon [8]1,[5],[4]2. These two papers contain around 75% of the
material required for the chapter.

5.1 How to Formalise a Sequent Calculus

A generic pattern which can be used to formalise different sequent calculi is
explained. In particular, we give a framework so that derivations can be easily
represented. The framework can be extended so that derivations carry informa-
tion about depth.

1This was a published paper, and had a page limit of 15 pages.
2These constitute about 20 pages in total.
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5.2 Craig’s Interpolation Theorem

An account of how we formalised this result in Nominal Isabelle, and why this
endeavour was undertaken.

5.3 Cut Admissibility

A description of various Cut admissibility proofs is given, along with a discussion
on how to best structure such proofs; two formal proofs of Cut Admissibility
for the same calculus can differ greatly in their lengths.

6 Classifying Sequent Calculi

This chapter underpins §7. We motivate the various definitions we use, and
discuss the range of calculi which can be analysed in this way. The whole
chapter is based upon [7]3. This paper contains at least 90% of the material
needed for this chapter.

6.1 Formula and Metaformulae, Rules and Inferences

Precise descriptions of these hitherto almost interchangeable terms are given,
along with a raft of examples for illustration.

6.2 Active, Passive, Principal and Prime

Definitions of these terms, with comparison to similar notions in the literature.
Again, many examples are used.

6.3 Decompositions: Normal and Implicit Weakening

The definition of a decomposable rule is given, along with the two flavours in
which they appear. Most structural rules are not decomposable; a discussion of
why this is not as harmful as it may at first appear is included.

7 Permutability and Invertibility

Some work is presented which codifies sequent calculi so that one can guarantee
invertibility of the rules. The range of calculi which one can analyse using
the presented methods are discussed. There is also some discussion as to the
faithfulness of the formalisation. As with §6, this chapter is based upon [7],
although the work on permutability has not been written yet. As such, it
represents around 50% of the material needed for the chapter. In particular,
§7.4.1 still requires some significant work.

3This paper was accepted for a conference in New Zealand in January 2009, but owing to
funding restrictions, it had to be withdrawn. It is around 30 pages long.
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7.1 Definition of the Problem

We describe how the problem arises, and why it is important. An explanation
of the relationship between permutability and invertibility is included.

7.2 Permutability of Rules

The conditions which guarantee that one rule permutes over others are given:
this will form an important part of the proofs that are to follow in later subsec-
tions.

7.3 Invertibility of Rules

The conditions which guarantee that a rule is invertible (with respect to a
calculus) are given, for a range of calculi.

7.3.1 Propositional Uniprincipal Multisuccedent

7.3.2 Propositional Uniprincipal Single Succedent

7.3.3 First-Order Uniprincipal Calculi

7.3.4 Propositional Multiprincipal Calculi

7.3.5 Modal and Modal-Like Calculi

A modal-like calculi is one which has multisets of formulae each sharing an
outermost connective or function symbol.

7.4 A Formalisation

A formalisation of the preceding subsections is given, along with a discussion of
how close the formalised results are to the theoretical results. The methods of
this section will be compared with the methods of §5.3 to show how useful they
can be.

7.4.1 An Example

We formalise again a proof from §5.3 to show the power of the new method.

8 Conclusions

A discussion of what was achieved, who might benefit from the work and what
could be achieved in the future.

8.1 Applicability to the Field

We discuss possible uses of the work presented.
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8.2 Future Directions

We detail ways in which the work could be extended or improved.

8.3 Final Summary

We examine what has been achieved relative to the stated aims from §1.2.
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[45] M. Sörensen and P. Urzyczyn. Lectures on the Curry-Howard Isomorphism.
Number 149 in Studies in Logic and the Foundations of Mathematics. El-
sevier, 2006.

[46] G. Takeuti. Proof Theory. Number 81 in Studies in Logic and the Founda-
tions of Mathematics. North-Holland Publishing Company, 1975.

[47] C. Tasson and C. Urban. Nominal techniques in Isabelle/HOL. In Proceed-
ings of the 20th International Conference on Automated Deduction (CADE
2005), volume 3632 of LNCS, pages 38–53. Springer-Verlag, 2005.

[48] A. S. Troelstra and H. Schwichtenberg. Basic Proof Theory. Number 43
in Cambridge Tracts in Computer Science. Cambridge University Press,
second edition, 2000.

[49] C. Urban and G. M. Bierman. Strong Normalisation of Cut-Elimination in
Classical Logic. In Typed Lambda Calculus and Applications, pages 365–
380, 1999.

[50] N. Vorob’ev. A New Algorithm for Derivability in the Constructive Propo-
sitional Calculus. American Mathematical Society Translations, 94:37–71,
1970.

[51] M. Wenzel. Isabelle/Isar Reference Manual, 2002.

[52] Anna Zamansky and Arnon Avron. Canonical Gentzen-Type Calculi with
(n, k)-ary Quantifiers. In Automated Reasoning, Third International Joint
Conference, IJCAR 2006, Seattle, WA, USA, August 17-20, 2006, Proceed-
ings, pages 251–265, 2006.

9


