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Abstract. We outline semantic proofs of two related classes theorems of Łuka-
siewicz logic, one of which is more difficult to prove than the other in the calculi
that we have surveyed. We discuss some reasons why, and present benchmarks
for some implementations of these proof systems against these theorems.

1 Motivation

When developing experimental implementations of theorem provers based on symbolic
calculi for Łukasiewicz logic, we noted that one direction (⇒) of the equivalence1

(A ∧ B) ⊕ (A ∧ B) ≡ (A ⊕ A) ∧ (B ⊕ B)

was easily proven, while the converse (⇐) was not easily proven— the programs were
run for long periods of time (sometimes days) before returning with a negative answer
(possibly due to flaws in the implementation) or terminating due to stack overflows.

Further investigation led to the proof of a class of equalities for which proof search
in one direction appears significantly harder than proof search in the opposite direction.
Why this is so, and whether the complexity of proof search for the hard cases can be
reduced, is a matter of interest.

We add that with the development of several calculi and tableaux methods for prov-
ing theorems of Łukasiewicz logic in recent years (e.g. [13, 18, 6, 17]), it will be useful
to have formulae suitable for comparing these proof systems and their implementations.

2 Łukasiewicz Logic

Łukasiewicz logics are a class of many-valued logics originally introduced in the 1920s
[15, 16]. The infinite-valued variant— called simply “Łukasiewicz logic”, or Ł— is a
member of the family of t-norm based fuzzy logics [14, 10].

1 This formula is of philosophical interest. See Remark 6 in [20].



Definition 1 (Ł). The Hilbert system for Ł has four schematic axioms,

A⊃ (B⊃ A)
(A⊃ B)⊃ ((B⊃ C)⊃ (A⊃ C))
((A⊃ B)⊃ B)⊃ ((B⊃ A)⊃ A)
((B⊃ ⊥)⊃ (A⊃ ⊥))⊃ (A⊃ B)

along with modus ponens. Other connectives are defined as

¬A =de f A⊃ ⊥ > =de f ¬⊥

A ∨ B =de f (A⊃ B)⊃ B A ⊕ B =de f ¬A⊃ B

A ∧ B =de f ¬(¬A ∨ ¬B) A � B =de f ¬(¬A ⊕ ¬B)

with the notation for iterated connectives defined for n ∈ N as

0 · A =de f ⊥ A0 =de f >

(n + 1) · A =de f A ⊕ (n · A) An+1 =de f A � An

A detailed discussion of Ł can be found in [12].

3 MV-Algebras

MV-algebras were introduced in [4, 5] as an algebraic counterpart to show the com-
pleteness on Łukasiewicz logics.

Definition 2. An MV- (for “many-valued”) algebra is a structure 〈M,⊕,¬, 0〉 where
〈M,⊕, 0〉 is a commutative monoid, with operators defined from 0, ⊕ and ¬ as

1 =de f ¬0
x⊃ y =de f ¬x ⊕ y x � y =de f ¬(¬x ⊕ ¬y)
x ∨ y =de f (x⊃ y)⊃ y x ∧ y =de f ¬(¬x ∨ ¬y)

and satisfying the conditions

¬¬x = x

x ⊕ 1 = 1
x ∨ y = y ∨ x

We define iterated operators for n ∈ N as

0 · x =de f 0 x0 =de f 1

(n + 1) · x =de f (n · x) ⊕ x xn+1 =de f xn � x

Definition 3 (Ordering Relation). The ordering relation for an MV-algebra M is de-
fined for x, y ∈ M as x ≤ y if and only if x ∨ y = y. We call an MV-algebra linearly
ordered (or “linear” for short) if and only if for all x, y ∈ M, either x ≤ y or y ≤ x.



Remark 1. It can be shown that an MV-algebra is a lattice bounded by 0 and 1, with ∨
and ∧ as the join and meet operators, respectively.

Example 1. The set of reals in [0, 1] with the mappings µ(x ⊕ y) = min{1, µ(x) + µ(y)},
µ(¬x) = 1 − µ(x) and µ(0) = 0. is an MV-Algebra.

Lemma 1 (Chang Representation Theorem). Every MV-algebra is isomorphic to a
subdirect product of linear MV-algebras.

Proof. See [5].

Remark 2. It is a result in the theory of universal algebra that the subdirect product
of a class of algebras shares the same equations as that class of algebras [3]. So if an
equation holds for all linear MV-algebras, then it holds for all MV-algebras.

Remark 3. The translation between formulae in the language of Ł and terms from the
theory of MV-algebras is straightforward:

τ(x) = x for atomic x τ−1(P) = P for propositional variable P

τ(¬x) = τ(x) ⊃ ⊥ τ−1(A⊃ ⊥) = ¬ τ−1(A)

τ(x⊃ y) = τ(x) ⊃ τ(y) τ−1(A⊃ B) = τ−1(A) ⊃ τ−1(B)

τ(0) = ⊥ τ−1(⊥) = 0

Lemma 2 (Completeness). A formula A is valid in Ł iff τ−1(A) = 1 in every MV-
algebra, where τ−1(A) is a translation of formula A into a term from the theory of
MV-algebras given in Remark 3.

Proof. See [5].

4 Two Equations in MV-Algebras

Below we outline the proof of two equations in MV-algebras and their corresponding
formulae in Ł. A more detailed proof can be found in [20].

Lemma 3. Let x, y be elements of an MV-algebra M,and n ∈ N. If x ≤ y, then xn ≤ yn.

Proof. By induction on n.
The base case (n = 0) is trivial. For the induction step, assume xn−1 ≤ yn−1. Then

xn−1 � x ≤ yn−1 � x and yn−1 � x ≤ yn−1 � y (by monotonicity). So xn−1 � x ≤ yn−1 � y,
that is, xn ≤ yn (by transitivity). ut

Theorem 1. Let x, y be elements of an MV-algebra M, and n ∈ N.
Then xn ∨ yn = (x ∨ y)n.



Proof. We first assume that the MV-algebra is linear.
If x ≤ y, then xn ∨ yn = yn (Lemma 3). And (x∨ y)n = (y)n = yn (by substitution). So

when x ≤ y, then xn ∨ yn = (x ∨ y)n.
Similarly when y ≤ x.
So for any linear MV-algebra, xn ∨ yn = (x ∨ y)n.
From the Chang Representation Theorem (Lemma 1) and universal algebra (Re-

mark 2), this equation holds for all MV-algebras. ut

Corollary 1. Let x, y be elements of an MV-algebra M, and n ∈ N.
Then (n · x) ∧ (n · y) = n · (x ∧ y).

Proof. Dual of Theorem 1. ut

Theorem 2. The following are valid formulae in Ł, for n ∈ N

An ∨ Bn ⊃ (A ∨ B)n (1)
(A ∨ B)n ⊃ An ∨ Bn (2)

n · (A ∧ B) ⊃ (n · A) ∧ (n · B) (3)
(n · A) ∧ (n · B) ⊃ n · (A ∧ B) (4)

Proof. Straightforward, from completeness (Lemma 2). ut

We will refer to the formulae (1) and (3) as the easy formulae, and their converse for-
mulae (2) and (4) as the hard formulae.

5 Comments on Proofs of Easy and Hard Formulae

Before we discuss proofs of these formulae, we first note the following points:

– For each n, the easy and hard formulae are the converse of one another, hence they
have the same size and overall complexity.

– The size of the formulae grow linearly with n. Likewise, when the formulae are
expressed using only the connectives⊃ and ⊥, the size grows linearly with n (they
are larger than those with other connectives by a constant multiple).

– However, the formulae expressed in terms of⊃ and ⊥ are very complex, even for
low values of n. For example, formula (2) for n = 2 is

((((A⊃ B)⊃ B)⊃ (((A⊃ B)⊃ B)⊃ ⊥))⊃ ⊥)⊃
((((A⊃ (A⊃ ⊥))⊃ ⊥)⊃ ((B⊃ (B⊃ ⊥))⊃ ⊥))⊃ ((B⊃ (B⊃ ⊥))⊃ ⊥))

The implications in such formulae are deeply nested, which makes them useful for
evaluating how well proof systems handle such complicated formulae.

We are unaware of any Hilbert-style proofs of these formulae, so we cannot discuss
how such proofs would be structured. But we can illustrate some proof-theoretic ideas
about the distinction between easy and hard formulae by looking at the proofs in various
Gentzen-style calculi.



Definition 4 (LSC).
A⇒ A ⇒ > ⊥ ⇒

Γ ⇒ ∆
Γ, A⇒ ∆ LW Γ ⇒ ∆

Γ ⇒ A, ∆ RW

Γ ⇒ A, ∆ Γ′, B⇒ ∆′

Γ, Γ′, A⊃ B⇒ ∆, ∆′ L⊃
Γ, A⇒ B, ∆
Γ ⇒ A⊃ B, ∆ R⊃

Γ, A, B⇒ ∆
Γ, A � B⇒ ∆ L�

Γ ⇒ A, ∆ Γ′ ⇒ B, ∆′

Γ, Γ′ ⇒ A � B, ∆, ∆′ R�

Γ, A⇒ ∆ Γ, B⇒ ∆
Γ, A ∨ B⇒ ∆ L∨

Γ ⇒ A, ∆
Γ ⇒ A ∨ B, ∆

R∨1
Γ ⇒ B, ∆
Γ ⇒ A ∨ B, ∆

R∨2

Γ, (A⊃ B)⊃ B⇒ A, B, ∆
Γ, (A⊃ B)⊃ B⇒ A ∨ B, ∆

R∨c
Γ ⇒ ∆, A A, Γ′ ⇒ ∆′

Γ, Γ′ ⇒ ∆, ∆′
Cut

where Γ, Γ′, ∆, ∆′ are multisets of formulae. The rules for ⊕ and ∧ are the duals of the
rules for � and ∨, respectively.

Remark 4. The L⊃ and R⊃ rules are derived using the definition A⊃ B =de f ¬A ⊕ B.

Remark 5. LSC is affine linear logic with the addition of the rules R∨c and L∧c [7].

We start with the sequent calculus LSC from [7]. Proofs of the easy formulae (1)
and (3) are straightforward in LSC. For formula (1), we have the following outline of a
proof for n ≥ 2:

A⇒ A
A⇒ A ∨ B R∨

....
An−1 ⇒ (A ∨ B)n−1

A, An−1 ⇒ (A ∨ B)n R�

An ⇒ (A ∨ B)n L�

....
Bn ⇒ (A ∨ B)n

An ∨ Bn ⇒ (A ∨ B)n L∨

There is a similar proof for (3). Clearly, the depth of the proof is bounded by n.
In contrast, we cannot derive the hard formulae without the use of cut. For n = 2,

we note the derivation fragment

A⇒ A A⇒ A
A, A⇒ A2 R�

A, A⇒ A2 ∨ B2 R∨

.... ?
A, B⇒ A2 ∨ B2

A, A ∨ B⇒ A2 ∨ B2 L∨

....
B, A ∨ B⇒ A2 ∨ B2

A ∨ B, A ∨ B⇒ A2 ∨ B2 L∨

(A ∨ B)2 ⇒ A2 ∨ B2 L�

where A, B ⇒ A2 ∨ B2 cannot be derived without cut— this is not surprising as LSC
is known not to be cut-free [7]. We can see that any derivation of (A ∨ B)n ⇒ An ∨ Bn



depends on derivations of A j, Bk ⇒ An∨Bn for all 1 ≤ j, k ≤ (n−1) such that j+ k = n,
some of which require cut.2 We have yet to find a proof for these sequents in LSC.

Alternatively, we can examine the cut-free hypersequent calculus GŁ from [17].
Proofs of the easy formulae for n = 2 can be found which do not contain instances of
the multi-component EC or S rules, so could easily be converted to the sequent calculus
variant GŁs from [17]. (We used experimental implementations of the calculus, and a
variant derived for more efficient goal-directed proof search [19]. The proofs are too
large to include in this paper.)

Definition 5 (GŁ).
⇒ A⇒ A ⊥ ⇒ A

H | Γ, B⇒ A, ∆
H | Γ, A⊃ B⇒ ∆ L⊃

H | Γ, A⇒ B, ∆ H | Γ ⇒ ∆

H | Γ ⇒ A⊃ B, ∆ R⊃

H | Γ ⇒ ∆

H | Γ, A⇒ ∆
LW H

H | Γ ⇒ ∆
EW

H | Γ ⇒ ∆ | Γ ⇒ ∆

H | Γ ⇒ ∆
EC

H | Γ1 ⇒ ∆1 H | Γ2 ⇒ ∆2

H | Γ1, Γ2 ⇒ ∆1, ∆2
M

H | Γ1, Γ2 ⇒ ∆1, ∆2

H | Γ1 ⇒ ∆1 | Γ2 ⇒ ∆2
S

where Γ, ∆ are multisets of formulae and H refers to a hypersequent context of 0 or
more sequents, called “components”. (An introductory survey of hypersequent calculi
can be found in [1].)

Remark 6. [8] gives a variant of GŁ with an invertible variant of the L⊃ rule:

H | Γ, B⇒ A, ∆ | Γ ⇒ ∆
H | Γ, A⊃ B⇒ ∆ L⊃′

We note that L⊃ and L⊃′ are interderivable.

Proofs of the hard formulae were difficult to find in GŁ. Because the implicational
variants of the formulae are complex, we derived rules for the ∨ and � operators:

H | Γ, A⇒ ∆ H | Γ, B⇒ ∆
H | Γ, A ∨ B⇒ ∆ L∨

H | Γ ⇒ ∆ H | Γ ⇒ B, ∆ | Γ ⇒ A, ∆
H | Γ ⇒ A ∨ B, ∆ R∨

H | Γ,⊥ ⇒ ∆ H | Γ, A, B⇒ ∆
H | Γ, A � B⇒ ∆

L�
H | Γ⇒∆ H | Γ⇒⊥, ∆ | Γ ⇒ A, B, ∆

H | Γ⇒ A � B, ∆
R�

Using these rules, a proof of a hard formula is fairly straightforward. However, these
rules are of no help in proving the implicational forms of that formula.

2 We have abused our notation slightly. A j, Bk in the antecedent is equivalent to j instances of A
and k instances of B in the antecedent. We note without proof that (A j � Bk)⊃ (A j+k ∨ B j+k) is
a theorem of Ł.



We note that the proof of (A ∨ B)2 ⇒ A2 ∨ B2 with these derived rules contains a
proof of A, B ⇒ A2 ∨ B2, and that proof requires the use of the hypersequent S (split)
rule:

⇒

A, B⇒ LW2

....
A, A, B, B⇒ (A � A), (B � B)

A, B⇒ (A � A) | A, B⇒ (B � B) S

A, B⇒ ((A � A) ∨ (B � B)) R∨

The split rule S is not a desirable rule for goal-directed proof search when used with
rules that have multiple components in their premisses, as the effect is akin to contrac-
tion. For example,

....
H | Γ ⇒ ∆

....
H | Γ, Γ ⇒ A, B, ∆, ∆
H | Γ ⇒ B, ∆ | Γ ⇒ A, ∆

S

H | Γ ⇒ A ∨ B, ∆ R∨

We note that there is a terminating variant of GŁ called GŁt [17] that has a restricted
form of the split rule which operates only on atomic formulae, but which multiplies the
formulae in the premiss.

6 Benchmarks of Implementations

We now illustrate our relative labels of “easy” and “hard” with experimental data from
implementations of theorem provers based on different systems in Table 1.

The theorem provers were implemented in SWI Prolog (version 5.6.33), in part
because it has the time predicate which counts the number of inferences made when
attempting to unify a goal— this number is constant for the same query across different
machines. Tests were run on formulae (1) and (2) for n ≥ 2 with the optimisation flag
enabled and all stack sizes set to the maximum values.

Where needed, the implementations used clpr (Constraint Logic Programming
over Reals) library, which is a port of the CLPR system from Sicstus Prolog [9]. (Tests
were also run using the rationals version of the library, clpq; aside from an issue noted
below, the relative inference counts, though slightly higher, had similar ratios between
easy and hard formulae, and growth rates relative to n, as the clpr library.)

The implementations we tested performed well on the axioms of Ł and various well-
known theorems from [2, 12]. Aside from the program given in [13], we are unaware
of generally-available special-purpose theorem provers for Ł to use in this report. We
wrote our own implementations of theorem provers as a means of studying proofs of
these formulae. The implementations are not optimised, and the numbers should not
necessarily been seen as means of comparing the different systems.

For space considerations, we will omit explicit descriptions of the methods used by
the implemented proof systems. The reader is advised to refer to cited papers. However,
source code for the implementations discussed in this report are available from the
author’s website, or by request.



Table 1. Comparative Prolog inference counts for tableaux implementations.

Inference Count
Hähnle Olivetti Ciabattoni et al.

n (1) (2) (1) (2) (1) (2)
2 1,957,210 1,804,133 44,403 101,236 16,573 20,403
3 4,891,223 6,398,578 236,499 1,100,768 91,104 81,497
4 13,317,246 20,886,776 798,593 6,818,706 558,343 262,262
5 38,114,941 70,383,639 2,244,775 37,283,340 3,648,396 770,151
6 118,661,664 254,427,842 5,600,001 170,602,568 * 2,123,454
7 401,007,825 984,466,176 13,437,857 710,355,342 * 5,612,699
8 1,444,053,450 4,002,546,748 31,073,217 2,670,896,378 * 14,389,746

The Hähnle column refers to a port of the Eclipse Prolog program given in [13]
which uses clpr library. The proof method is a Mixed Integer Program (MIP) rep-
resentation of the query formula to check the satisfiability for values less than 1. All
formulae are analysed in terms of the ⊕ and ¬ connectives (which is roughly the same
as being given in terms of⊃ and ⊥), which may be one reason why the inference counts
are significantly larger than the implementations of Olivetti and Ciabattoni et al. proof
systems. The hard formulae require more inferences to validate than the easy formulae
(for n ≥ 3) in the Hähnle implementation. However, as n increases, the ratio of infer-
ences for validating the hard formulae against the easy formulae appears to increases
linearly.

The Olivetti column refers to an implementation of the tableaux method given in
[18] (using the improved rules from §5). The system is based on the Kripke semantics
for Ł given in [21, 22], and branches are closed using linear programming (LP) meth-
ods. Our implementation also uses the the clpr library to check the constraints of labels
as each operator is analysed. There are primitive (non-derived) rules for the ∨ and ∧ op-
erators in the system, but not for the ⊕ and � operators, which had to be converted to
⊃ and ⊥ representations by the implementation. This implementation does not generate
a proof tree. We note that the hard formulae also consistently require more inferences
to validate than the easy formulae. Furthermore, as n increases, the ratio appears to
increase exponentially.

The Ciabattoni et al. column refers to an implementation of a hypersequent of re-
lations3 calculus given in [6] (specifically the Co-NP calculus from §5). The system
analyses formulae into disjunctive multisets of inequalities, and has rules which are
similar to the rules for GŁ with the derived rules for ∨ and � given above. When all
the formulae are analysed into atomic terms, the lists are transformed into conjunctions
of negated inequalities, and LP methods are used to check the unsatisfiability of those
lists. This system has primitive rules for the ∨ and � operators, so no conversion of
formulae was needed for the tests. The clpr library was also used in this implemen-
tation. The * in the table indicate where the tests failed— we suspect this may be due

3 A hypersequent of relations is a hypersequent where the ⇒ operator in components can be
either ≥ or <.



to problems with the constraint library, since when the rationals library was used in
place of the reals library, the case for n = 6 succeeded, although the cases for n ≥ 7
failed in that version. We note that unlike the other implementations, the easy theorems
required more inferences than the hard theorems (but like the other implementations,
the ration of number of inferences also appears to increase at an exponential rate with
n). We suspect this is because the duals of the inequalities are checked— however, for
the tests on implicational variants of the formulae (below), the hard formulae do require
more inferences. We are unsure why the ratio is reversed when implicational formulae
are used.

We ran a second set of the tests on the implementations of the Olivetti and Ciabattoni
et al. proof systems using implicational variants of the formulae. The results are in Table
2. The numbers for the Hähnle implementation are included for comparison, since the
⊕ and ¬ forms of formulae are similar to the implicational forms. We note that in all
cases, the hard formulae generally require more inferences to validate than the easy
formulae. (The ** in the table indicates a stack overflow occurred.) What is interesting
is that as n increases, the ratio of inferences for hard formulae to easy formulae appears
to increase at a much smaller rate than tests for non-implicational formula.

Table 2. Comparative Prolog inference counts for implicational versions of formulae

Inference Count
Hähnle Olivetti Ciabattoni et al.

n (1) (2) (1) (2) (1) (2)
2 1,957,210 1,804,133 671,839 805,213 2,002,182 2,542,614
3 4,891,223 6,398,578 10,526,995 19,173,190 46,268,462 74,514,652
4 13,317,246 20,886,776 107,144,035 206,458,981 785,191,785 1,396,900,149
5 38,114,941 70,383,639 966,442,327 1,719,263,455 11,726,123,678 20,676,641,593
6 118,661,664 254,427,842 12,323,671,151 8,570,932,566 ** **

Our implementations of GŁ and related symbolic calculi generally required too
much time even to prove the easy formulae in their implication forms for n ≥ 3. For
example, the terminating calculus GŁt, prove (1) for n = 2 in 28,083 inferences, but
for n = 3 in 293,361,238 inferences. We believe this is because of the complexity
added by multiple components in the premisses of hypersequent rules. (We note that the
implementation of theorem provers based on syntactic systems for Łukasiewicz logic
is not considered practical in lieu of the existence of more efficient constraint-based
solvers, e.g. for hypersequent calculi [11].)

However, our implementation of the terminating calculus GŁt did not find a proof
for (2) for n = 2. We also wrote and tested implementations of GŁl, a labelled variant of
the hypersequent calculus GŁ [17], which eliminates the structural rules and validates
axioms by solving for constraints on the labels. These implementations also did not find
proofs of the formula.4 (Indeed, this shared inability to prove these theorems inspired

4 We note that these implementations were also unable to find proofs for (A � B)⊃ (A2 ∨ B2).



this paper.) We are reviewing whether this is due to misinterpretations of the calculi or
other implementation issues.

In conclusion, our experience suggests that these formulae are useful for testing and
benchmarking automated theorem provers for Ł.

7 Future Work

We would like to investigate the properties of proofs of the hard formulae, and whether
there are techniques for reducing the complexity of proof search for these formulae.
The reversal of easy versus hard problems for the Ciabattoni et al. calculus [6] when
converting formulae into implication form needs further study. This may give clues on
ways of converting the hard formulae into easier problems.

We are also interested in the relationship (if there is one) between the Cut rule in
calculi where it is primitive, and the S rule in hypersequent calculi which are cut-free,
and in how S affects the permutability of invertible rules in hypersequent systems.

We would like to incorporate ideas from the terminating calculus GŁt, the syntactic
variant of the Ciabattoni et al. calculus called rHŁ (which applies structural hyperse-
quent rules to atomic formulae instead of solving for constraints) and the mix-free cal-
culus in [19] to derive a symbolic calculus which can be implemented with comparable
in efficiency to the semantic theorem provers for Ł.

As part of a project to investigate the use of hypersequents as a basis for automated
proof search, we will investigate implementation of techniques to identify and eliminate
redundant components during the search in an efficient manner.
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